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Section I:  Introduction  

 This manual describes how to conduct a power analysis for individual and group 

randomized trials. The manual includes an overview of each design, the appropriate statistical 

model, and, for each, the calculation of statistical power and minimum detectable effect size. The 

manual also explains how to use the Optimal Design Software Version 2.0 for planning 

adequately powered experiments. The manual is divided into 5 sections. Section 1 provides a 

brief introduction to power analysis, describes the various designs available in the software, and 

describes the setup of the software. We recommend that users read Section 1 first to understand 

the main features of the program. Sections 2 through 5 describe particular modules in the 

software and are stand-alone chapters that are specific to particular research designs. Appendix A 

is also a stand-alone piece that describes power for meta-analysis.
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1.0 Statistical power 

 

Power is the probability of rejecting the null hypothesis when a specific alternative 

hypothesis is true. In a study comparing two groups, power is the chance of rejecting the null 

hypothesis that the two groups share a common population mean and therefore claiming that 

there is a difference between the population means of the two groups, when in fact there is a 

difference of a given magnitude. It is thus the chance of making the correct decision, that the two 

groups are different from each other. Power is linked to discussions of hypothesis testing and 

significance levels, so it is important to have a clear definition of each of these terms before 

proceeding. Note that in a perfectly implemented randomized experiment with correctly analyzed 

data, power is the probability of discovering a causal effect of treatment when such an effect 

truly exists. 

In hypothesis testing, there are two hypotheses, a null hypothesis and an alternative 

hypothesis. In a two-treatment design, the most common null hypothesis states that there is no 

difference between the population means of the treatment and control groups on the outcome of 

interest. The alternative hypothesis states that there is a difference between groups. The 

difference may be expressed as a positive treatment effect, a negative treatment effect, or simply 

that the treatment mean is not equal to the control mean. After the hypotheses are clearly stated 

and the data have been collected and analyzed, the researcher must decide if there is sufficient 

evidence to reject the null hypothesis. 

The significance level, often denoted a, is the probability of rejecting the null hypothesis 

when it is true. This is known as a Type I error rate. A Type I error occurs when the researcher 

finds a significant difference between two groups that do not, in fact, differ. Suppose, however, 

that the null hypothesis is indeed false. A Type II error arises when we mistakenly retain the null 

hypothesis. The probability of retaining a false null hypothesis, often denotedb, is therefore the 

Type II error rate. In this case, the researcher overlooks a significant difference. The two types of 

errors are illustrated in Table 1.1. 
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Table 1.1 

Possible errors in hypothesis testing 

 Do Not Reject the Null 

Hypothesis 

Reject the Null 

Hypothesis 

Null Hypothesis is True No Error 

(Probability = 1-a) 

Type I Error 

(Probability = a) 

Null Hypothesis is False Type II Error 

(Probability = b) 

No Error 

(Probability = 1-b) 

 

If the null hypothesis is true (first row of Table 1.1), the correct decision is to retain the 

null and the probability of this correct decision = Probability (Retain 
00 | HH  is true) = 1-a. 

With 05.0=a , for example, the probability is 0.95 that we will make the correct decision of 

retaining 
0H  when it is true. The incorrect decision in this case is the Type I error ï rejecting the 

true 
0H . When 

0H is true, this error will occur with probability 05.0=a . 

On the other hand, if the null hypothesis is false (second row of Table 1.1) the correct 

decision is to reject it. If the probability of making this correct decision is defined as power = 

Probability (Reject 
00 | HH  is false)= b-1 . The incorrect decision, known as the Type II error 

occurs with probability b, that is Prob(Type II error|
0H  false)=b. 

Looking at the results of a study retrospectively, we know that a researcher who has 

retained 
0H  (column 1 of Table 1.1) has either made a correct decision or committed a Type II 

error. In contrast, a researcher who has rejected 
0H  (column 2) has either made a correct 

decision or committed a Type I error. Note that it is logically impossible for a researcher who has 

rejected 
0H  to have made a Type II error. To criticize such a researcher for designing a study 

with low power in this case would be a vacuous criticism, because a lack of power cannot 

account for a decision to reject 0H . However, a researcher who retains the null hypothesis may 

have committed a Type II error and is therefore potentially vulnerable to the criticism that the 

study lacked power. Indeed, low power studies in which 0H  is retained are virtually impossible 

to interpret. One cannot claim a new treatment to be ineffective in a study having low power 
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because, by definition, such a low power study would have little chance of detecting a true 

difference between two populations represented in the study. 

Although Type I and Type II errors are mutually exclusive, the choice of a can affect 

power. Suppose a researcher, worried about committing a Type I error, sets a lower a, say 

001.0=a . If the null hypothesis is true, this researcher will indeed be protected against a Type I 

error. However, suppose 
0H  is false. Setting a very low will reduce power, equivalent to 

increasingb, the probability of a Type II error. While keeping in mind that the choice of a 

affects power, we will for simplicity assume 05.0=a  in the remainder of this discussion in 

order to focus on sample size as a key determinant of power. 

Of course, neither type of error is desirable and we would prefer to make the correct 

decision.  As a result, we want the probability of correctly detecting a difference, that is, the 

power, to be large. For example, if the power is 0.80, we will correctly identify a difference 

between the groups with probability 0.80. Power greater than or equal to 0.80 is often recognized 

by the research community to be sufficient, though some researchers seek 0.90 as a minimum. 

The ability to correctly detect a difference of a given magnitude in the mean outcome for 

the two groups is characterized by the power of the study. If a study is underpowered, a 

practically significant true difference might go undetected. The importance of designing a study 

with adequate power cannot be overstated, especially from the cost perspective. Imagine a multi-

million dollar intervention study that fails to detect an effect simply because the study did not 

have sufficient power. In other words, the intervention may or may not produce practically 

significant effects, but the researchers are not able to make this determination due to inadequate 

power. One might argue that the money invested in the trial was not well spent since at the end 

of the study, it is still unclear whether or not the intervention was effective.  

1.1 Approaches for conducting a power analysis  

 In the recent literature on statistical power, two approaches for conducting power 

analyses have emerged. The first approach, which we call the ñpower determination approach,ò 

begins with an assumption about the effect size the intervention produces, and the aim is to 

compute the power they will have to detect that effect with a given sample size. For example, 

suppose that a team of researchers is planning a study to detect the effect of a school-level 

intervention aimed at improving math achievement for third graders. They plan to randomize 

schools to receive either the treatment or continue with current protocol. Pilot studies and 
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available theory suggest that a practically significant effect would entail a standardized effect 

size of 0.20; that is, a mean difference equivalent to 0.20 in units of the population standard 

deviation of the outcome. Thus the researchers want to plan the study to be able to detect an 

effect of at least 0.20 standard deviation units. In this case, the effect size is already determined, 

and the researchers are interested in calculating the sample size necessary to achieve power of 

0.80. Of course, this process can be repeated for a range of effect sizes. 

 The second approach, which we call the ñeffect size approach,ò begins with a desired 

level of power and the aim is to compute the minimum effect size that can be detected at that 

level of power for any given sample size. This approach can, of course, be replicated at any 

given level of power. Bloom (1995) defines the MDES as the smallest true effect that can be 

detected for a specified level of power and significance level for any given sample size. For 

example, suppose that another team of researchers is studying a whole school reform model. 

They plan to randomize schools to either the new reform model or current conditions. Because of 

financial considerations, the team can only recruit 50 schools and 100 students within each 

school. The sample size is set, thus the researchers are trying to determine the smallest effect size 

they can detect with the pre-specified sample size.  

 The power determination approach and the effect size approach represent two different 

ways to conduct a power analysis. However, both approaches yield the same conclusions. That 

is, a power analysis could be conducted using either approach and the ultimately the same 

conclusions would be reached. Also, both approaches also require assumptions about the 

variation in the outcome. The Optimal Design software allows the researcher to use either 

approach for conducting the power analysis. 
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2.0 Design options  

 

 Identifying the appropriate research design for a study is critical because a power analysis 

is specific to a particular design. That is, the required parameters differ depending on whether, 

for example, individuals are the unit of randomization or clusters are the unit of randomization, 

or blocking is or is not present. This section summarizes the various design options present in 

Optimal Design Version 2.0. The models and notation correspond to the HLM notation 

(Raudenbush and Bryk, 2002). Specific details about how to calculate the power for the various 

designs is found in sections 2 through 5. 

 Table 2.1 includes all of the design options when the primary outcome is measured at the 

individual level. The designs are divided into two groups, those that randomly assign individuals, 

hereafter referred to as person randomized trials, and those than randomly assign clusters, or 

intact groups of individuals, hereafter referred to as cluster randomized trials (CRT). The first 

row of the table identifies the number of levels in the study. For example, a single level trial 

simply has one level, whereas a multi-site trial can be conceived as a two level trial, with 

individual in sites or blocks. We can look at rows 2 through 4 together to understand the 

relationship between the level of randomization, the number of levels, and the presence of 

blocking. For the single level trial and the simple nested designs that do not include blocking, we 

can see that the level of randomization is the same as the top level in the study. For example, in a 

three level cluster randomized trial (3-level CRT), there are three levels and the top level, or 

level three, is the unit of randomization. In the blocked designs, the level of randomization is 

immediately below the blocks, with the blocks being the top level. For example, in a multi-site 

cluster randomized trial (MSCRT), there are three levels, possibly students in classrooms in 

schools and schools are blocks. Randomization occurs within the blocks, hence at level 2, or one 

level below the blocks. This is true for all the designs that include blocking in Table 2.1.  

 The next row indicates whether or not there is the option to include a covariate in the 

analysis in the software. In the cases where a covariate is available, the covariate is always at the 

level of randomization. Including a covariate is a common way to increase the precision of the 

study and thus reduce the required sample size, which can often help reduce the cost of the study. 

The use of a covariate requires that the following assumptions are met: 1) the covariate has a 
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strong linear association with the outcome, and 2) the association is similar within each treatment 

condition.  

 The row labeled ñoutcomeò identifies the outcome type that the Optimal Design accepts. 

For the single level trials, continuous outcomes are the only available option. Power analysis for 

binary outcomes is available for three of the CRTôs. The final row provides an example of the 

nested structure of the data for each design.  

Table 2.1 

Design Options for Individual Level Outcome Measures  

 Person Randomized Trials Group Randomized Trials 

 

Single-level 

Trial 

 

Multi-site (or 

blocked) Trial  

Repeated 

Measures 

Trial
 

Two-Level 

Cluster 

Randomized 

Trial 

 

Three-level 

Cluster 

Randomized 

Trial 

Three-level 

Multi-site 

Cluster 

Randomized 

Trial
a 

 

Four-Level 

Multi-site 

Cluster 

Randomized 

Trial 

 

Cluster 

Randomized 

Trial with 

Repeated 

Measures 

Number of 

Levels 

 

1 

 

2 

 

2 

 

2 

 

3 

 

3 

 

4 

 

3 

Level of 

Randomization 
1 1 2 2 3 2 3 3 

Blocking? No Yes No No No Yes Yes No 

Covariate? Yes Yes No Yes
a
 Yes

a
 Yes

a
 Yes No 

Outcome type Continuous Continuous Continuous 
Continuous 

Binary 

Continuous 

Binary 

Continuous 

Binary 
Continuous Continuous 

Example Students 
Students, 

Schools 

Repeated 

measures 

for students 

Students,   

Schools 

Students, 

Classrooms, 

Schools 

Students, 

Classrooms, 

Schools 

(blocks) 

Students, 

Classroom, 

Schools, 

Districts 

(blocks) 

Repeated 

measures for 

students, 

schools 

a
 Option available for the continuous case only. 

 The second set of design options available in the software includes designs in which the 

primary interest is in a group-level measure instead of an individual level measure. For example, 

a measure of classroom quality might be the primary outcome. We shall assume, however, that 
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the group-level outcome is measured imperfectly, that is, with reliability less than 1.0. In this 

case measurement error variance ñadds a levelò to the analysis (see Raudenbush and Bryk 

(2000), Chapter 11. Table 2.2 presents these options. These designs look similar to those in 

Table 2.1 as far as the first four rows of the table. The main difference is that the outcome of 

interest is measured at the group level rather than the individual. This is evident by the absence 

of the individual in the examples of nesting in row 4 of Table 2.2.  

Table 2.2 

Design Options for Group Level Outcome Measures 

 2-level cluster 

randomized trial 

3-level cluster randomized 

trial  

Multi-site cluster 

randomized trial
 

 

Number of 

Levels 

 

2 

 

3 

 

3 

 

Level of 

Randomization 2 3 2 

 

Blocking? No No Yes 

Covariate? No Yes No 

Outcome type Continuous Continuous Continuous 

 

Example  

 

Classrooms 

 

Classrooms 

Schools 

Classrooms 

Schools 

 

 Tables 2.1 and 2.2 identify the designs available in the OD software. One major design 

difference that emerges across the tables is whether or not a trial includes blocking. Although we 

leave the specific details of each design to Sections 2 through 5, we discuss the rationale for 

blocking since it applies across all the blocked designs identified in Tables 2.1 and 2.2. 

2.1 Blocking 

 Blocking is a commonly used in experimental design to improve the face validity and/or 

to improve the precision and power of the experimental study. For person randomized trials, the 

basic idea of pre-randomization blocking is to find sites or blocks where individuals within the 

sites are very similar with respect to the outcome variable. One then randomly assigns persons to 

treatments within each block. Variation between blocks does not affect the standard error of the 
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treatment effect estimate; if such variation is large, blocking will increase statistical power. The 

same idea extends to cluster randomized trials; then the aim is to find blocks where clusters are 

similar with respect to the outcome variable. This reduces the heterogeneity within blocks, 

increasing the precision of the treatment effect estimate, hence increasing the power of the test 

for the main effect of treatment. Researchers often regard the blocks as ñsites,ò so that a cluster 

randomized trial with blocking is often defined as a ñmulti-site cluster randomized trial,ò and we 

shall use that language as well. 

To illustrate in the case of a cluster randomized trial, imagine that researchers develop a 

new reading program for elementary school students. We know that the percent of students with 

free/reduced lunch is related to school mean reading achievement. We might therefore assign the 

school to ñblocksò that are similar percent with free and reduced lunch. Within each block, we 

randomize schools to receive the new reading program or the regular program. This reduces the 

variance in the estimate of the treatment effect because by dividing schools into blocks we are 

able to remove the between-block variance from the error variance. If the between-block 

component is large, removing it greatly increases the precision of the estimate. Another example 

arises because schools are naturally grouped within school districts. The districts are then blocks 

or sites, and the randomization occurs within districts.  

 We define designs that block before randomizing as multi-site randomized trials. In 

essence, they are single level trials or cluster randomized trials that are being replicated within 

each site. Replication across sites allows us to estimate an effect size for each site. Thus we are 

able to estimate the variability of the treatment effect across sites.  

 In many cases, the sites will be regarded as randomly sampled from a larger universe or 

ñpopulationò of possible sites. The larger universe is the target of generalization. For example, if 

schools are sampled and then classrooms are assigned at random to treatments within schools, 

the target of any generalizations will often be the larger universe of schools from which schools 

in the study are regarded as a representative sample.  

 In other cases, the sites will be regarded as fixed. Consider a program designed to teach 

students about the dangers of drugs. The outcome for the study is studentsô attitude towards 

drugs, which is measured by a questionnaire. The researchers hypothesize that the school setting 

- suburban, urban, or rural - affects studentsô attitude towards drugs. Thus they want to block on 

the setting. In this case, suburban, urban, and rural are not regarded as sampled from a population 
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of settings, but rather as fixed blocks or sites. Whether we view sites as fixed or random affects 

the data analysis and planning for adequate power to detect the treatment effect.  
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3.0 Layout of the Optimal Design Software 

 

 This chapter describes the setup of the software. Section 3.1 describes how to navigate 

through the mainscreen of OD. Section 3.2 describes the layout of each module. A concluding 

section highlights the underlying assumptions in the software. 

3.1 Navigating the main screen 

 The blank screen in the Optimal Design is displayed in Figure 3.1. 

 

Figure 3.1. Initial blank screen. 

Clicking on the file option reveals the preferences and the exit options. The preferences allow the 

user to select black and white or color for the graphs on the screen and any saved graphs. Also, 

the user can select to integer or continuous values on the horizontal axis
1
. Figure 3.2 displays the 

preferences screen.  

 

                                              
1
 Clicking along the trajectory is not an exact method for obtaining the power for a study. It gives a very close 

estimate. Selecting continuous values may help the user find a more exact value. R code is available upon request 

for users interested in the exact power. 
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Figure 3.2. Preferences. 

 The help option provides the user with resources and contact information for the Optimal 

Design authors. 

 The main menu is found under the design heading. Clicking on the design tab brings up 

four options: 

 Design 

  Person randomized trial 

  Cluster randomized trial with person-level outcomes 

  Cluster randomized trial with cluster-level outcomes 

  Meta-analysis  

We focus on the first three choices, however, the power for a meta-analysis is discussed in 

Appendix A. The first three choices, person randomized trials, cluster randomized trials with 

person-level outcomes, and cluster randomized trials with cluster-level outcomes, correspond to 

the main design options defined in Chapter 2. Within each type, there are various design choices 

as identified in Tables 2.1 and 2.2. The specific details for each design option are included in 

Sections 2 ï 5. However, each module functions similarly and section 3.2 describes the general 

layout of each module.  

3.2 General layout 

 The OD is setup to encourage the user to have already defined the design prior to running 

power calculations. That is, the user must navigate through a series of design prompts prior to 

reaching the screen which enables him to conduct a power analysis. The first thing the user must 

determine is whether the trial is a person randomized trials, a cluster randomized trial with 

individual outcomes, or a cluster randomized trial with group-level outcomes. We discuss each 

option separately. 

Person Randomized Trials 

 Placing the mouse over the heading person randomized trials reveals three options: 

 Person Randomized Trial 

  Single level trial 

  Multi-site (or blocked) trials 

  Repeated measures 
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The design choices correspond to those in Table 2.1 and the user must select the appropriate 

design at this stage. After selecting a design, the main menu for the design will appear. The menu 

for each design varies slightly depending on the design and is described in detail in the individual 

design chapters.  

Cluster Randomized Trials with person-level outcomes 

 Placing the mouse over the heading cluster randomized trials with person-level outcomes 

reveals two options: 

 Cluster Randomized Trials with person-level outcomes 

  Cluster randomized trials 

  Multi-site (or blocked) cluster randomized trials 

After clicking on either a cluster randomized trial or blocked trial, the user is asked to specify the 

level of treatment. After selecting the level of treatment, the main menu for the design appears.  

Cluster Randomized Trials with group-level outcomes 

 Placing the mouse over the heading cluster randomized trials with group-level outcomes 

reveals two options: 

 Cluster Randomized Trials with group-level outcomes 

  Cluster randomized trials 

  Multi-site (or blocked) cluster randomized trials 

Similar to the CRT for person-level outcomes, the user is prompted to decide either a cluster 

randomized trial or a blocked trial. Selecting on the cluster randomized trial forces the user to 

select either treatment at level 2 or 3 in order to enter the main menu for a design. There is only 

one option for the blocked trial, treatment at level 2, and once selected, the user enters the main 

menu. 

3.3 The main menu for a design 

 After navigating through the prompts to the appropriate design and selecting a display 

option (such as power vs. total number of people), the main menu for each design is very similar. 

Figure 3.3 displays the main menu for a person randomized trial Ą Single level trial Ą Power 

on y-axis Ą Power vs. total number of people. 
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Figure 3.3.  Main menu for a person randomized trial.  

The buttons that appear at the top of the screen vary for each design depending on the parameters 

that are required for a power analysis. However, the general layout is the same. The title appears 

at the top, in this case, Power vs. total number of people (N). This indicates that the power will 

be on the y-axis and the total number of people will vary along the x-axis. Below is an 

explanation of the buttons that appear below the title.  

a is the significance level, or Type I error rate. By default, it is set to 0.05. It can be 

changed by clicking on it and changing the value. 

ŭ, R
2
  are the design parameters required for conducting a power analysis. For other 

designs, other parameters may be required. To set these parameters, the user 

simply clicks on the button and sets the value. The number of options for each 

parameter varies from 1 to 3. 

¢¢X  controls the minimum and maximum values on the x-axis. The minimum and 

maximum values can be changed by clicking this button. 

¢¢Y  controls the minimum and maximum values on the y-axis. By default, the y-axis 

is set from 0.0 to 1.0 but can be changed by clicking on the button 

Graph symbol plots the default settings. 

Leg allows the user to change the title of the x-axis legend, y-axis legend, and to add a 

title to the graph. 



17 
 

Save allows the user to save the graph. Graphs are saved as .emf files and can be 

inserted into a word document using the insert picture command. 

Print symbol prints the graph on the screen. 

Defs   plots the default settings. 

X  closes the graph and returns the user to the original screen. 

 Clicking on any button automatically yields a power curve. Figure 3.4 is the default 

power curve for the single level trial. 

 

Figure 3.4. Default settings for single level trial. 

The key appears in the upper right corner of the screen and lets the user know the specified 

parameters. The parameters are changed by clicking on the buttons. Clicking along the trajectory 

also allows the reader to determine the power for a specific sample size.  

3.4 Assumptions 

 There are several assumptions underlying OD. First, we assume that all designs are 

balanced. For example, in a single level trial with 60 people, we assume that 30 people are in the 

treatment group and 30 are in the control group. In some cases, the design is purposely 

imbalanced or differences in cluster sizes are unavoidable. We recommend using the harmonic 

mean for these cases. 

 A second assumption is that there are two conditions. In all cases, the power is calculated 

for the difference between two groups, treatment and control. For multiple groups, we 

recommend using the software to determine the power for pairwise comparisons. 
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 A third assumption is that the parameters entered into the software are reasonable. The 

OD accepts all parameter values and does not test whether or not a parameter value is realistic. 

Pilot data and literature reviews are the most appropriate methods for obtaining reasonable 

parameters to use for a power analysis. The default values are simply default values and do not 

apply to any particular study.   
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Section II:  Optimal Design for person randomized trials 

 Optimal Design for person randomized trials includes trials where individuals are 

randomly assigned to the treatment or control condition. There are three types of designs in this 

category.  Briefly, single level trials are trials with no blocking or clustering. That is, individuals 

are randomly assigned to either the treatment or the control group. Multi-site (or blocked) trials 

are studies where individuals are randomly assigned to the treatment or control within blocks. 

That is, the randomization process is repeated across blocks or sites. The blocks may either be 

intact entities such as classrooms or they may be matched pairs, where individuals are put into 

pairs (or blocks) because they are similar with respect to a variable that is related to the outcome. 

The third option, repeated measures, are studies in which individuals are randomly assigned to 

the treatment or control and then the individuals are measured repeatedly over time. We describe 

the conceptual details and provide a ñhow toò guide for each design in the following 3 chapters. 
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4.0 Single level trials 

 

 Single level trials rely on the assignment of individuals to a treatment condition. In a 

single level design, we simply randomize individuals to a treatment condition or control 

condition. The use of random assignment assures that the treatment groups are comparable. First, 

we examine the statistical models to see what effects the power to detect the treatment effect. 

4.1 The model 

We can represent data from a single level trial with a simple one level model. The model 

can be expressed as: 

iii rWY ++= 10 bb   ),0(~ 2sNri
     [4.1]  

for 

 i=1,é,N persons in the study 

where 

iY  is the response for person i  

0b is the mean response 

 1b is the treatment effect 

 Wi  is the treatment indicator with ½ for treatment and -½  for control 

 
ir   is the random error associated with each person i   

 2s is the between persons variation. 

4.2 Testing the treatment effect  

 We are primarily interested in the main effect of treatment,1b, or in a balanced design, 

the simple difference between the treatment and control averages. It is estimated by: 

 CE YY
__

1

^

-=b          [4.2] 

where 

EY
_

 is the mean for the experimental group 

CY
_

 is the mean for the control group. 

Assuming N/2 persons per cluster, the variance of the estimated treatment effect is: 
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N

2

1

^ 4
)var(
s

b =         [4.3] 

Note that the variance of the treatment effect is a function of the total sample size, N, and the 

between-persons variance, 2s .  

We can use the results of a one way analysis of variance with a fixed effect for the 

treatment. The test statistic is an F statistic, which compares treatment variance to error variance. 

The F statistic is defined as: 

 
)(

)(

error

treatment

MS

MS
Fstatistic= .       [4.4] 

As N increases without bound, the F statistic converges to the ratio of expected mean squares, 

defined as: 

 
2

2

1

2

2

1

2

4
1

4/
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s

b

s

bs NN

MSE

MSE

error

treatment +=
+

=      [4.5] 

and can be rewritten as: 

 l+=1
)(

)(

error

treatment

MSE

MSE
 where 

)(
4

1

^

2

1

2

2

1

b

b

s

b
l

Var

N
==     [4.6] 

 If the null hypothesis is true, the F statistic follows a central F distribution with 1 degree 

of freedom for the numerator and N-2 degrees of freedom for the denominator. Under the central 

F distribution, we would expect the F statistic to be approximately 1. In other words, there is no 

variation between treatments so 01 ºb and the term with 2

1bN  in the numerator of the expected 

mean square ratio is null. We see that if 0=l  the ratio of expected mean squares converges in 

large samples to .11
)(

)(
2

2

=+== l
s

s

cluster

treatment

MSE

MSE
 

 If the null hypothesis is false so that there is a treatment difference, that is 01 ¸b , the F 

statistic follows a non-central F distribution with 1 degree of freedom for the numerator and N-2 

degrees of freedom for the denominator and non-centrality parameter. Then the ratio of expected 

mean squares becomes the non-central F distribution, characterized by a non-centrality 

parameter,  l , defined in Equation 4.6. Note that l can also be expressed as the ratio of the 

squared treatment effect to the variance of the estimate of the treatment effect.  
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The non-centrality parameter is strongly related to the power of the test. As lincreases, 

the power increases. Looking at Equation 4.6, we can see that the non-centrality parameter is a 

function of N, 2s , and 1b. As 2s , the variation between-persons, decreases, the non-centrality 

parameter will increase. As the desired effect size 1b increases, the non-centrality parameter 

increases. However, the problem with these two parameters is that they typically are not under 

the control of the researcher. The effect size and between-person variability are usually a 

function of the phenomenon under consideration. As a result, the most effective way for the 

researcher to increase the power of the test to detect the treatment effect of a given magnitude is 

to increase the total sample size, N. As N increases, the non-centrality parameter increases as 

well. 

4.3 Standardized notation 

 Thus far we have focused on the unstandardized notation. However, it will be easier to 

think in terms of standardized units. A standardized effect size, d, is the difference in the 

population means of the two groups divided by the standard deviation of the outcome. The 

standardized effect in a single level trial can be expressed as: 
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where 

 
CE mmb -=1

 

 Em  is the population mean for the experimental group 

 
Cm  is the population mean for the control group. 

In the standardized model, we set 12 =s .. Dividing the numerator and denominator of the non-

centrality parameter by 2s , we see that we can represent the non-centrality parameter in 

standardized notation simply as: 
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This allows us to calculate the power as a function of only two parameters, the total sample size 

and the standardized effect size.  
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4.4 The model with a covariate 

 Choice of an effective pre-treatment predictor known as a ñcovariateò will reduce the 

between-person variation, hence increasing the precision of the estimate of the treatment effect. 

The correlation between the covariate and the outcome is denoted,
xyr . The proportion of 

variance explained by the covariate is denoted 2

xyr . 

 Equation 4.9 is the model with a covariate.  

 
iiii rXWY +++= 210 bbb   ),0(~ 2

|xi Nr s     [4.9] 

where 

iY  is the response for person i  

0b is the mean response 

 1b is the treatment effect 

 Wi  is the treatment indicator with ½ for treatment and -½  for control 

 2b is the regression coefficient for the covariate 

            
iX is the value of the covariate, centered around its grand mean 

 
ir   is the random error associated with each person i conditional on the covariate 

 2

|xs is the between person variation conditional on the covariate, and can therefore be 

regarded as the ñconditional variance,ò where  
222

| )1( srs xyx -= . 

 Note that the model now looks like the familiar analysis of covariance model. The 

variance is conditional on the covariate. The smaller the conditional variance relative to the 

unconditional variance, the greater the increase in the precision of the treatment effect.  

4.6 Testing the treatment effect (including a covariate) 

 The estimate of the treatment effect is: 
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The estimate of the treatment effect is adjusted for the difference in the two groups on the mean 

value of the covariate. The F statistic still follows a non-central F distribution, F(1, N-3, )xl . 

However, notice that the denominator degrees of freedom is one less than the case without the 

covariate. The new non-centrality parameter is: 
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Note that the smaller the conditional variance, the larger the non-centrality parameter, and 

greater the power of the test for large sample sizes. 

 In standardized notation, the non-centrality parameter is written as: 
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where  
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== , the conditional effect size. Using Equation 4.11, we can 

calculate the power of the test as a function of the proportion of explained variation in the 

outcome by the covariate, the standardardized effect size, and the total sample size.  

4.8 Using the Optimal Design for single level trials 

 The single level trial module allows the researcher to approach the power calculations 

using either the power determination approach or the effect size approach. The module menu is 

below: 

Power on y-axis 

 Power vs. total number of people (N) 

 Power vs. effect size (ŭ) 

 Power vs. explained variation by covariate (R
2
) 

MDES on y-axis  

 MDES vs. total number of people (N) 

 MDES vs. power (P) 

 MDES vs. explained variation by covariate (R
2
) 

 

The first three options present the power on the y-axis and the sample size, effect size, and 

explained variance on the x-axis, respectively. The second three options present the effect size on 

the y-axis and the sample size, power, and explained variance on the x-axis. We present an 

example below and go through the steps involved in conducting a power analysis for the 

example varying the known and unknown parameters. 
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4.9 Example 

 A team of researchers is planning to do an experiment to determine attending a charter 

school compared to the local public school improves academic achievement. Assume that more 

students apply for admission to the charter school than they can admit. Because of the large 

number of applicants, all students enter a lottery and half of the students are randomly chosen to 

receive the treatment, enrollment at the charter school, and half of the students will receive the 

control condition, enrollment at the local public school. The researchers hypothesize that 

students enrolled in the charter school will have greater achievement than the students at the 

regular public schools. They plan to measure achievement using the Iowa Test of Basic Skills 

(ITBS). Section 4.10 presents a scenario in which the power determination approach for 

conducting a power anlaysis is most applicable to this study and provides the details of how to 

do the power analysis using OD. Section 4.11 presents a scenario in which the effect size 

approach for conducting a power anlaysis is most applicable to this study and provides the 

details of how to do the power analysis using OD.   

4.10 Power determination approach for conducting a power analysis 

 Based on pilot study results, the researchers expect that students in the treatment group 

will score 0.25 standard deviation units greater than students in the control group on the ITBS. 

The researchers want to be able to detect this size treatment effect with power = 0.80. How many 

students are required for the study? Suppose the researchers decide to administer a pre-test to all 

students prior to the study. Based on past literature, they expect the pre-test to explain 64% of the 

variation in the post-test scores. How many students are required after including the pre-test in 

the design and analysis plan? 

 In this scenario, the total number of individuals is unknown and the effect size for 

planning is set at 0.25. Thus the most appropriate choice for the power analysis is to allow the 

sample size to vary on the x-axis and the power to vary on the y-axis. The steps follow. 

Step 1: Select Person randomized trials Ą single level trials Ą Power on y-axis Ą power vs. 

total number of people (N). The blank screen is in Figure 4.1. 
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Figure 4.1.  Main menu for a cluster randomized trial. 

Note that the two parameters on the toolbar that are required for calculating the power include d 

the effect size, and R
2
, the percent of variation explained by the covariate (if there is a covariate).  

Step 2: Click ond. Set delta(1) = 0.25. The power curve appears in Figure 4.2.  

 

Figure 4.2.   Power curve. 

Step 3: Looking at the graph, we can see that we need to extend the x-axis in order to determine 

how many individuals are required to achieve power = 0.80. Click on <x< and set the maximum 

= 600. Figure 4.3 displays the screen.  
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Figure 4.3. Power vs. total number of subjects. 

Note that the key in the upper right corner shows the d=0.25 that we specified. Clicking along 

the trajectory reveals that 504 people are required to detect an effect size of 0.25 with power = 

0.80. This means 252 individuals would be randomized to both treatment and control.  

Note that Figure 4.3 does not use the information in the covariate. Letôs include the covariate and 

see what happens to the required sample size. 

Step 4: Click on R
2
. Set r2(2) = 0.64. Figure 4.4 displays the result.  

 

Figure 4.4. Power vs. total number of subjects with covariate. 

The key indicates that the dotted trajectory represents the plot for the design with the pre-test. 

Clicking along the trajectory, we can see that the required sample size for power = 0.80 drops to 

180, or 90 in each condition. Including the covariate reduces the total sample size by 324 

persons. This reduction may be critical for reducing the cost of the experiment. 
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 In this scenario, we allowed the sample size to vary along the x-axis. However, we could 

also choose to allow the effect size to vary along the x-axis (Power vs. effect size) or the 

explained variation by a covariate (Power vs. explained variation by a covariate) to vary along 

the x-axis and still maintaining the power on the y-axis. 

4.11 Effect size approach for conducting a power analysis 

 Suppose that the researchers have counted up the total number of people that entered the 

lottery and discover that there are 200 people that want to participate. All 200 people will enter 

the lottery, thus 100 people will be assigned to the treatment and 100 people will be assigned to 

the control. What is the minimum detectable effect size (MDES) the researchers can find with 

power = 0.80? Suppose the researchers decide to administer a pre-test to all kids prior to the 

study. Based on past literature, they expect the pre-test to explain 64% of the variation in the 

post-test scores. What is the MDES with power = 0.80? 

 In Scenario 2, the MDES is unknown and the total sample size is limited to 200. Thus the 

most logical approach for conducting the power analysis is to allow the MDES to vary on the y-

axis. One option then is to select the following: 

Step 1: Select Person randomized trials Ą single level trials Ą MDES on y-axis Ą MDES vs. 

number of people (N). The blank screen appears in Figure 4.5.  

 

Figure 4.5. Main menu for person randomized trial. 

 The toolbar is identical to the toolbar in Figure 4.5 except for the required design 

parameters. Because the MDES is on the y-axis and the sample size is on the x-axis, the program 
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requires that the user specify power and R
2
, the percent of variation explained by the covariate. 

To determine the MDES for power of 0.80, follow the steps below: 

Step 1: Click on P. Set P(1) = 0.80.  

Step 2: Click on R
2
. Set r2(2) = 0.64. Figure 4.6 displays the results.  

 

Figure 4.6.  MDES vs. power. 

Clicking along the solid trajectory reveals a MDES of 0.40 for 200 people whereas clicking 

along the dotted trajectory reveals a MDES of 0.24 for 200 people, both under the constraint of 

power = 0.80. 

 In this scenario, we allowed the total of people to vary on the x-axis. Additionally, the 

power (MDES vs. power) or explained variation by a covariate (MDES vs. explained variation 

by a covariate) could vary along the x-axis with MDES on the y-axis.  

 



30 
 

 

5.0 Multi -site (Blocked) trials 

 

 We define a multisite or blocked trial as a two-level design with students within blocks. 

For example, classrooms may represent a block and within each classroom, students are 

randomly assigned to receive a novel treatment. We consider power for the treatment effect, first 

assuming random site effects after which we consider fixed site effects. 

5.1 The model (Assuming random site effects) 

 The model for a multi-site trial can be thought of as a two level hierarchical linear model. 

The level-1, or individual level model is: 

 
ijijjjij eXY ++= 10 bb        [5.1] 

for 

ni ....1=  persons per site 

Jj ,...,1= sites 

where 

 i jY  is the response for person i at site j 

j0b is the mean response at site j  

 j1b  is the treatment effect at site j 

 ijX   is the treatment indicator with ½ for treatment and -½  for control 

 i jr  is the random error associated with person i at site j  

 2s is the between persons variation. 

 The level-2, or site level model is: 
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where 

 00g is the grand mean 

 10g is the main effect of treatment 

 ju0 is the random error associated with the mean 
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 ju1 is the random error associated with the treatment effect 

 
00t is the variability between site means 

 11t  is the variability between sites on the treatment effect 

The inclusion of the random error terms, ju0 and ju1 , is what defines this as a random effects 

model. Our primary interest is the main effect of treatment, 
10g , and the variability of the 

treatment effect across sites, 11t . 

5.2 Testing the treatment effect 

 In a balanced design, the main effect of treatment is estimated by: 

 CE YY
__

10
Ĕ -=g          [5.3] 

where 

EY
_

 is the mean for the experimental group 

CY
_

 is the mean for the control group. 

 The variance of the estimated treatment effect is (Raudenbush & Liu, 2000): 
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Note that the variance of the estimated treatment effect is a function of the number of blocks, J, 

the number of persons per block, n, the between-persons variation, 2s , and the variability 

between sites on the treatment effect, 11t . 

 If the data are balanced, we can use the results of an analysis of variance with random 

effects for the sites and fixed effects for the treatment. The F statistic for testing the main effect 

of treatment follows a non-central F distribution, F(1, J-1,l). Recall that the non-centrality 

parameter,l, is the ratio of the squared treatment effect to the variance of the treatment effect 

estimate. The non-centrality parameter can be written as: 
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Recall the larger the non-centrality parameter, the greater the power. It is clear that increasing the 

number of sites as well as the number of persons per site increasesl. However, looking at 

Equation 5.5 we can see that J is more influential for increasing lthan is n. In addition, studies 
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attempting to detect larger effect sizes have greater power. Finally, as the treatment effect 

variability gets larger, J becomes exceedingly important. In cases with extremely large effect 

size variability and small treatment effects, it is important to recognize that the treatment effect 

may not be very meaningful. For example, a large effect size variability may mean that in some 

sites, the treatment is producing a harmful, or negative effect. The average effect may be positive 

but it may be hiding the fact that the treatment works very well in some sites and is harmful in 

other sites. Hence it is important to report both the estimate of the treatment effect and the 

variability in the treatment effect in the results of a multi-site trial. 

5.3 Standardized notation 

 In order to give meaning to the size of an effect without knowledge of the specific 

outcome scale or measurement, we often standardize the effect sizes. In a multi-site trial, we also 

need to standardize the effect size variability. For example, an effect size variance of 0.10 is the 

same as a standard deviation of approximately =10.0 0.31. If a researcher desires a minimum 

detectable effect of 0.20, a standard deviation of 0.31 is large and would indicate a lot of 

variability in the treatment effect across sites. Indeed, if the treatment effects were normally 

distributed, we would expect 95% of them to lie within about two standard deviations of the 

mean; more precisely, in the interval )71.0,51.0(31.0*96.110. -=° , indicating that the effect 

can range from very harmful to very positive.  

 Dividing the numerator and denominator of Equation 5.5 by 2s , we can express the  

non-centrality parameter as: 
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are, respectively, the standardized effect size and the standardized effect size variability. Note 

that 5.6 shows that the power in fact depends only on n, J,d, and 2

ds .
2
  

5.4 The model with a covariate 

 The covariate reduces the between-person variation, hence increasing the precision of the 

estimate of the treatment effect. The proportion of variance explained by the covariate is 

denoted 2

xyr . Level-1 of the model includes the covariate: 
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       Note: 22
|

2 )1( srs xyx -= for 

ni ....1=  persons per site 

Jj ,...,1= sites 

where 

 i jY  is the response for person i at site j 

j0b is the adjusted mean response at site j 

 j1b  is the adjusted treatment effect at site j 

 ijW   is the treatment indicator with ½ for treatment and -½  for control 

 ijX  is the covariate 

 ije  is the random error associated with person i at site j  

 2s is the between persons variation conditional on the covariate. 

 The level-2, or site level model is: 
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2
 The OD software is based on parameter estimates prior to blocking as well as an estimate of the percent of variance explained by the blocking 

variable. After the user enters the parameters, the program calculates the parameters defined in equation 7 as follows: 
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s where u is the value prior to blocking and B is the percent of variance explained by blocking. 
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where 

 
00g is the grand mean 

 
10g is the average treatment effect 

 20g is the regression coefficient for the cluster-level covariate, which is assumed constant 

across sites 

 ju0 is the random effect associated with the mean 

 ju1 is the random effect associated with the treatment effect 

 
00t is the residual variance between sites means 

 11t  is the variability between sites on the treatment effect. 

The inclusion of the random error terms, ju0 and ju1 , is what defines this as a random effects 

model. Our primary interest is the main effect of treatment, 
10g , and the variability of the 

treatment effect, 11t . 

5.5 Testing the treatment effect (including a covariate) 

 The estimate of the treatment effect is: 
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The estimate is adjusted for the difference in the two groups on the mean value of the covariate. 

The variance of the treatment effect estimate is: 
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where  

 2

|xs  is the conditional variance, 
22 )1( srxy- . 

The F statistic still follows a non-central F distribution, F(1, J-1, )xl . The new non-centrality 

parameter is: 
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Note that the smaller the conditional variance, the larger the non-centrality parameter, and 

greater the power of the test for large sample sizes. 

 In standardized notation, the noncentrality parameter is written as: 
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5.6 Testing the variance of the treatment effect 

 For any design with 4²J , we can estimate and test the variance of the treatment effect 

across sites. This is particularly important if the treatment effect variability is non-negligible, in 

which case the main effect of treatment may poorly represent the treatment effect in any specific 

site. In this case, we need to have adequate power to detect this variability.  

 The power to detect the variance of the treatment effect is also based on an F-test. In 

standardized notation, the F-statistic is (Raudenbush and Liu, 2000) 
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The F-statistic follows a central F distribution with J-1, J(n-2) numerator and denominator 

degrees of freedom. The ratio of the expectation of the numerator to the denominator is  
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Under the null hypothesis of no effect size variability, we expect 2

ds to be 0, thus w=1. As the 

ratio of expected mean squares increases, so does the power to detect the effect size variability. 

We can see from equation 9 that as 2

ds or n get larger, 
4

2
dsn also gets larger, which means the 

power increases. This contradicts what we learned about increasing the power of the test to 

detect the main effect of treatment. For that test, increasing the number of sites yields greater 

increases in power than the number of individuals per sites, and smaller variance in the treatment 

effect across sites results in larger power. Thus studies cannot be planned to maximize the power 

to detect the main effect of treatment and the variance of the treatment effect simultaneously. 

Prior to planning a study, researchers must decide the primary goal of the study, detecting the 
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main effect of treatment or the magnitude of the treatment by site variance, and plan the study 

accordingly.   

5.7 The fixed effects model 

 The fixed effects model assumes homogeneity of the treatment effect across sites. The 

fixed effects model looks the same as the random effects model except that 
ju0
and 

ju1
are 

designated as fixed constants rather than random variables. This difference is depicted in the 

level-2 model: 
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where 

 
00g is the grand mean 

 
10g is the main effect of treatment 

 ju0 j=1,é,J are fixed effects associated with each site mean, and are constrained to have 

a mean of zero. 

 ju1  j=1,é,J are fixed effects associated with each site treatment effect, and are 

constrained to have a mean of zero. 

We are interested in the main effect of treatment, 
10g , and the fixed treatment by site interaction 

effects, ju1 ,  j=1,é,J. 

5.8 Testing the treatment effect 

 We can use the results from an analysis of variance with fixed effects for the site and the 

main effect of treatment as well as the fixed effects. Again, the test statistic is an F statistic. The 

F test follows a noncentral F distribution, F(J-1, J(n-2);l). In standardized notation, the 

noncentrality parameter is: 
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Note that the treatment effect variability does not appear in the formula because we do not allow 

the treatment effect to vary randomly across sites. The models and non-centrality parameters are 

easily extended to the case with a covariate by following the logic presented in sections 5.4 and 

5.5. However, we caution that the main effect of treatment will be uninteresting or even 
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misleading when effect size variability is large, that is when ju1  j=1,é,J vary substantially. In 

that case, the main effect may poorly represent the treatment effect in any given site, and one 

would want to estimate and test j=1,é,J . The tests for these specific site-by-site treatment  

effects (see Section 5.9) may be poor, particularly when the sample size per site is small 

5.9 Testing site-by-treatment variation in the context of a fixed effects model 

 Operationally, the test of the treatment by site variation for a fixed effects model is the 

same as that for a random effects model. The primary difference is in the null hypothesis. In the 

random effects model, we test: 

 0: 2
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However, in a fixed effects model, the treatment by site effects are fixed constants so we test: 
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We use the same F statistic, 
withincell

trmtxsite

MS

MS
F = with J-1 numerator degrees of freedom and J(n-2) 

denominator degrees of freedom. If we reject the null hypothesis, a logical next step would be to 

try to identify sites for which the treatment effect is the same (Kirk, 1982). 

5.10 Using the Optimal Design for multisite (blocked) trials 

 The multisite (blocked) trial module allows the researcher to approach the power 

calculations using either the power determination approach or the effect size approach. The 

module menu is below: 

Power for treatment effect on y-axis 

 Power vs. site size (n) 

 Power vs. total number of sites (J) 

 Power vs. effect size (ŭ) 

 Power vs. effect size variability 

MDES on y-axis  

 MDES vs. site size (n) 

 MDES vs. total number of sites (J) 

 MDES vs. effect size variability 

 MDES vs. power (P) 

Power for effect size variability on y-axis 
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 Power vs. site size (n) 

 Power vs. total number of sites (J) 

We present an example below and go through the steps involved in conducting a power analysis 

for the example varying the known and unknown parameters. 

5.11 Example 

 Suppose a team of researchers is planning to test a new tutoring program for at risk 2
nd

 

grader students in a particular school district. At-risk 2
nd

 graders in the district will be randomly 

assigned to either the treatment condition, a new pullout tutoring program, or the control 

condition, the standard in class tutoring program. Researchers plan to block on classroom. Thus 

within each classroom the identified as-risk 2
nd

 graders will be assigned to the treatment or the 

control condition. The researchers expect that blocking on classroom will explain 30% of the 

variation in the outcome. The researchers plan to use a random effects model and assume the 

effect size variability to be 0.01. Section 5.12 presents a scenario in which the power 

determination approach for conducting a power analysis is most applicable to the study and 

provides the details of how to do the power analysis using OD. Section 5.13 presents a scenario 

in which the effect size approach for conducting a power analysis is most applicable to the study 

and provides the details of how to do the power analysis using OD.   

5.12 Power determination approach for conducting a power analysis 

 Based on pilot study results, the researchers expect that students in the treatment group 

will score 0.25 standard deviation units greater than students in the control group on the 

outcome. The researchers want to be able to detect this size treatment effect with power = 0.80. 

They have 20 students per classroom. How many classrooms are required for the study? Suppose 

the researchers decide to administer a pre-test to all students prior to the study. Based on past 

literature, they expect the pre-test to explain 50% of the variation in the post-test scores. How 

many classrooms are required after including the pre-test in the design and analysis plan? 

 In this scenario, the total number of classrooms is unknown and the effect size for 

planning is set at 0.25. Thus the most appropriate choice for the power analysis is to allow the 

sample size to vary on the x-axis and the power to vary on the y-axis. The steps follow. 

Step 1: Select Person randomized trials Ą multisite (blocked) trials Ą Power on y-axis Ą power 

vs. total number of sites (J). The blank screen is in Figure 5.1. 
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Figure 5.1. Main menu for person randomized trials with blocking. 

Step 2: Click ond. Set delta(1) = 0.25.  

Step 3: Click on 2

ds . Set 2

ds = 0.01. 

Step 4: Click on n. Set n(1) = 20. 

Step 5: Click on B. Set B(1) = 0.30. The power curve appears in Figure 5.2.  

 

Figure 5.2. Power vs. total number of sites. 

Note that the key in the upper right corner shows the d=0.25 that we specified. Clicking along 

the trajectory reveals that 21 sites or classrooms are required to detect an effect size of 0.25 with 

power = 0.80. Note that Figure 5.2 does not account for the covariate. Letôs include the covariate 

and see what happens to the required sample size. 
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Step 6: Click on R
2
. Set r2(2) = 0.50. Figure 5.3 displays the result.  

 

Figure 5.3. Power vs. total number of subjects. 

Clicking along the trajectory, we can see that the required sample size for power = 0.80 drops to 

13 sites, assuming 20 individuals per sites. This reduction may be critical for reducing the cost of 

the experiment. 

 In this scenario, we assumed a random effects model. We could easily change it to a fixed 

effects model by setting the effect size variability to 0. However, it is critical to think about the 

implications of choosing fixed or random site effects from a practical perspective, and not a 

purely statistical power perspective. 

5.13 Effect size approach for conducting a power analysis 

 Suppose that the researchers are limited to 20 classrooms with 20 individuals per 

classroom. They are still interested in an effect size of 0.25. What is the minimum detectable 

effect size (MDES) the researchers can find with power = 0.80? Suppose the researchers decide 

to administer a pre-test to all kids prior to the study. Based on past literature, they expect the pre-

test to explain 50% of the variation in the post-test scores. What is the MDES with power = 

0.80? 

 In Scenario 2, the MDES is unknown. Thus the most logical approach for conducting the 

power analysis is to allow the MDES to vary on the y-axis. One option then is to select the 

following: 
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Step 1: Select Person randomized trials Ą multisite (blocked) trials Ą MDES on y-axis Ą 

MDES vs. number of clusters (J). The blank screen appears in Figure 5.4.  

 

Figure 5.4. MDES vs. number of cluster (J). 

 The toolbar is identical to the toolbar in Figure 5.4 except for the required design 

parameters. Because the MDES is on the y-axis and the power is on the x-axis, the program 

requires that the user specify J, the total number of sites, n, the number of individuals per site, 

2

ds the effect size variability, B, the percent of variance explained by blocking, and R
2
, the 

percent of variation explained by the covariate. To determine the MDES for power of 0.80, 

follow the steps below: 

Step 1:Click on P. St P(1) = 0.80.  

Step 2: Click on 2

ds . Set 2

ds  = 0.01. 

Step 3: Click on n. Set n(1) = 20. 

Step 4: Click on B. Set B(1) = 0.30. Figure 5.5 displays the results. 
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Figure 5.5. MDES vs. number of clusters (J). 

Clicking along the trajectory reveals a MDES of approximately 0.26 with J = 20. Next we can 

add the covariate. 

Step 5: Click on R
2
. Set R

2
 = 0.50. Figure 5.6 displays the results.  

 

Figure 5.6. MDES vs. power with a covariate. 

 Clicking along the trajectory reveals an effect size of about 0.19. We assumed random 

site effect but again could change this by setting the effect size variability to 0.  
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6.0 Repeated measures trials 

 

 Similar to single level trials, repeated measure trials rely on the assignment of individuals 

to treatments. However, in a trial with repeated measures, individuals are typically assessed prior 

to the treatment and then multiple times after the treatment is implemented. By tracking 

individuals over time, researchers are able to assess the group effects on individual growth.

 The general format of a repeated measure trial is as follows: 1) randomly assign 

individuals to treatment or control, 2) assess students in the treatment and control group prior to 

implementation of the treatment, 3) implement the treatment for the treatment group, 4) assess 

the students in both groups on the outcome of interest, 5) repeat assessments of students in both 

groups a pre-determined number of times over equally spaced time intervals. By collecting 

repeated measures on individuals, we are able to model individual growth trajectories. We can 

model linear or curvilinear trajectories. A linear trajectory, or first degree polynomial, is 

characterized by an intercept and a linear rate of change, or slope. If non-linear growth is 

expected, second, third, or higher degree polynomials may be added in order to model 

curvilinear trajectories. A second degree polynomial, also known as a quadratic polynomial, adds 

an acceleration parameter to the intercept and rate of change. A third degree polynomial, or a 

cubic polynomial, is characterized by four parameters, change in acceleration, rate of 

acceleration, linear rate of change, and an intercept. Individual growth trajectories are plotted in 

order to assess the average treatment effect on a specific polynomial change parameter. 

 The power for a design with repeated measures is more complicated than for a single 

level trial. To simplify the design calculations, we impose the following constraints: orthogonal 

designs, continuous outcomes, a linear link function, random effects covariance structure, 

homogeneous covariance structure within each treatment, and complete data. Fist we examine 

the statistical models. 

6.1 The model 

 We can represent the data from a single level trial with repeated measures as a two-level 

hierarchical model, with occasions nested within persons. The general level one model for a 

polynomial change parameter of order p is: 
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for 

 i where i=1,é,N persons 

 m where m=1,éM time points  

where 

 p indicates the polynomial order of change (ie. linear, quadratic, cubic) 

 cpm is the orthogonal polynomial contrast coefficient 

 
pip is the level one coefficient of polynomial order p 

 mie is the random error associated with the repeated measures 

 
2s is the level-1 variability, or measurement error. 

The purpose of the polynomial contrast coefficients is to center the data, which makes the 

interpretation easier. The formulas for calculating the contrast coefficients are given below 

(Raudenbush and Liu, 2001): 
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The general level two model is: 

 piipppi uX ++= 10 bbp
 

),0(~ ppi Nu pt     [6.3] 

where 

 
0pb is the mean for the p

th
 order polynomial change parameter 

 
1pb  is the treatment effect for the p

th
 order polynomial change parameter 

 iX  is an indicator for the treatment or control group, ½ for treatment, -½ for control 

 piu is the random effect associated with each person 

 ppt is the between-person variance for the p
th
 order polynomial change parameter. 
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To illustrate, let us consider a 1
st
 order polynomial change parameter, or linear model. The level-

1 model is: 

mimiimi ecY ++= 110 pp
  

),0(~ 2sNemi      [6.4] 

for  

 m = 1,é,M occasions 

 i = 1, é, I persons 

where 

 
i0p is the mean response for person i 

 
i1p is the average rate of change for person i  

 mmMmmc
M

m

m -=-= ä
=1

1 / is the orthogonal linear contrast coefficient 

 
mie is the measurement error 

 2s is the within-person variability. 

We can calculate the linear contrast coefficients for any M using equation 2. For example, if the 

total number of data points is 5, that is M=5, the orthogonal contrast coefficients for a first 

degree polynomial are: 
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The level-2 model is: 
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where 

 
00b is the mean response across persons 

 
01b  is main effect of treatment for the means 

 10b  is the average growth rate across persons 

 11b  is the main effect of treatment for the growth rates 

 iX  is an indicator for the treatment or control group, ½ for treatment, -½ for control 

 iu0  is the random effect associated with the mean 
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iu1
 is the random effect associated with the growth rates 

 
0pt is the between-person variance in means 

 
1pt  is the between-person variance in growth rates. 

In this case, our primary interest is11b , the main effect of treatment for the growth rates, and
1pt , 

the variability in growth rates across persons. 

6.2 Testing the treatment effect 

 The average treatment effect for linear change in a balanced design is estimated by: 
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Ĕp  is the person-specific ordinary least squares estimator of the linear slope, 

and nE and nC are the sample sizes of the experimental and control groups. 

 

To estimate the treatment effect, we average over occasions and persons. The variance of the 

estimated treatment effect for the p
th
 polynomial order of change is (Raudenbush and Liu, 2001): 
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where 
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where 

 f is the frequency of observation 

 D is the duration of the study 

 M is the total number of occasions where M=Df+ 1  

 p is the polynomial order of change 

 pK is a constant where 1K =1/12, 2K =1/720, 3K =1/100,800 

 
2s is the measurement error. 
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The term 
pV denotes the conditional variance of the least squares estimate of each personôs 

change parameter. Note that
pV is a function of the frequency and the duration of the study.  

 In the case of the linear change model, the variance of the estimate of the treatment effect 

is: 
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 The test statistic for the test that the treatment effect for the p
th
 order polynomial equals 

zero is an F statistic. When the treatment effect is non-zero, the test statistic follows a non-

central F distribution, F(1, N-2; l). As previously noted, the larger the non-centrality parameter, 

the greater the power of the test. The non-centrality parameter can be expressed as the ratio of 

the squared true treatment effect to the variance of the estimate of the treatment effect: 
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Beginning with the sample size, it is clear that increasing n increasesl, hence increasing the 

power of the test. The sample size is particularly important if the between-person variance is 

large. Looking at the variance components, we can see that small values of ppt , or between-

person variability, also increases the power. Intuitively this makes sense. If there is less 

variability between-persons, the estimate will be more precise and the power of the test is 

greater. We can also see that smaller values of 
pV will increase the power. Recall that 
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. Decreasing the measurement error,2s , decreases 

pV . Also, 

increasing the frequency of observations and the total number of observations can decrease pV , 

particularly for higher order polynomials. 

 

6.3 The standardized model 
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 Similar to the previous designs, we standardize the model to facilitate a common 

language among researchers. The standardized effect size for a particular polynomial of interest 

is defined as: 

 pp
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where 

 1pb is the group difference on the polynomial of interest 

 ppt is the population variance of the polynomial of interest. 

Replacing equation 12 with the standardized parameter, the new noncentrality parameter can be 

expressed as: 
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where  

 pa is the reliability of the least squares estimator p
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The reliability is the ability with which a researcher can discriminate between people on their 

growth rate of the polynomial of interest using the least squares estimate. The reliability can be 

calculated using the HLM software. 

6.4 Using the Optimal Design for repeated measures trials 

 The menu for the repeated measures is given below. The menu includes option for 

standardized or nonstandardized parameters. 

Power on the y-axis (standardized) 

 Power for treatment on linear change 

 Power for treatment on quadratic change 

 Power for treatment on cubic change 

Power on the y-axis (nonstandardized)  

 Power for treatment on linear change 

 Power for treatment on quadratic change 

 Power for treatment on cubic change 
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Each of the power options function similarly, so for illustration purposes, we will use the option 

for power for treatment on linear change. 

6.5 Example 

 Recall that a team of researchers are planning to do an experiment to determine whether 

an intervention, enrollment at a charter school, improves academic achievement. Because of the 

large number of applicants for the school, all students enter a lottery and half of the students are 

randomly selected from the lottery and assigned to receive the treatment, enrollment at the 

charter school, while the other half of the students are enrolled in the local public school. The 

researchers hypothesize that students enrolled in the charter school will have greater achievement 

than the students at the regular public school. They plan to assess all the students prior to the 

study and then one time for the next five years. Based on data from a pilot study, they expect the 

level-1 variability to be 1.0 and the level-2 variability to be 0.10. They also expect studentsô 

academic growth to be linear. Section 6.6 presents a scenario in which the power determination 

approach for conducting a power analysis is the most relevant and provides the details for this 

approach.  

6.6 Power determination approach for conducting a power analysis 

 Based on past research, the researchers expect a standardized effect size on the linear 

growth parameter of 0.25. That is, the difference in linear growth for students in the charter 

school compared to students in the control school is 0.25. How many students are required to 

detect an effect size of 0.25 with power of 0.80?  

 In this example, the total number of individuals is the unknown parameter and the effect 

size for planning is set at 0.25. Thus the most appropriate choice for the power analysis is to 

include power on the y-axis. The steps follow: 

Step 1: Select Person randomized trials Ą repeated measures Ą Power on the y-axis Ą Power 

for treatment on linear change. The blank screen appears in Figure 6.1.  
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Figure 6.1. Blank screen for Power on y-axis Ą Power for treatment on linear change. 

Step 2: Click on set. The set button brings up the screen in Figure 6.2.  

Figure 6.2. The set button for linear change.  

 

The following options appear within the set button: 

 F ï specifies the frequency of the observation. 

 D ï specifies the duration of the study. 

 M ï is the total number of observations where M = fD+1. It is the product of the 

frequency times the duration plus the 1 observation that was pre-treatment. 

 Variability of level-1 residual ï This is the measurement error, denoted 
2s in the model.  
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 Variability of level-1 coefficient ï This is the between person variability on the 

polynomial of interest. For a linear growth model it is 11t in the model. 

 Standardized effect size ï This is d, where 

11

11

t

b
d= in the linear model. 

After clicking on the set button, set F=1, D=5, M=6, variability of level-one residual = 1.0, 

variability of level-1 coefficient = 0.10, and standardized effect size = 0.25. We extend the x-axis 

to 800. Figure 6.3 displays the power curve.  

 

Figure 6.3. Power curve for repeated measures example. 

Clicking along the trajectory, we can see that approximately 790 individuals are necessary to 

achieve power = 0.80. This is the same as 395 individuals per treatment condition. 

 There is also a function available for repeated measures trials that are non-standardized. It 

functions similarly to the example presented in this section. However, there is no option for 

MDES on the y-axis. 
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Section III :  Optimal  Design for cluster randomized trials  

 Optimal Design for cluster randomized trials includes trials where intact groups, or 

clusters, are randomly assigned to the treatment or control condition. For example, if students are 

nested within classrooms and classrooms are randomly assigned to either the treatment or 

control, the design is known as a two-level cluster randomized trial. There are fives designs in 

this category: three that do not include blocking and two that do include blocking.  The non-

blocked designs include the two-level cluster randomized trial (2-level CRT), the three level 

cluster randomized trials (3-level CRT), and the cluster randomized trial with repeated measures 

(CRT RM). The blocked designs include the three-level multi-site cluster randomized trials (3-

level MSCRT) and the four-level multi-site cluster randomized trial (4-level MSCRT). We 

describe the conceptual details of each design and provide a ñhow toò guide for each design in 

the following 5 chapters. 
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7.0 Two-level cluster randomized trials 

 

 Two-level cluster randomized trials are studies in which individuals are nested within 

clusters and the clusters are randomly assigned to the treatment or control condition. For 

example, students are nested within classrooms and classrooms are randomly assigned to the 

treatment or control condition. For example, a team of researchers is interested in the 

effectiveness of a new math series. They decide to randomly assign schools to either the new 

series or the standard series. They plan to test students from one classroom within each school. In 

this case, schools are the unit of randomization and the students are nested within schools, 

making this a two-level cluster randomized trial. The power for a cluster randomized trial is 

more complicated than a single level trial since there is more than one level. We begin by 

examining the underlying statistical models. 

7.1 The models 

We can represent the data for a cluster randomized trial in hierarchical form, with 

individuals nested within clusters. The level-1, or person-level model is: 

ijjij eY += 0b ,   ),0(~ 2sNeij      [7.1] 

for },...,2,1{ niÍ  persons per cluster and },...,2,1{ JjÍ  clusters,  

where  
ijY  is the outcome for person i in cluster j ; 

j0b  is the mean for cluster j ;  

ije   is the error associated with each person; and 

 2s  is the within-cluster variance. 

The level-2 model, or cluster-level model is: 

 
jjj uW 001000 ++= ggb  ),0(~0 tNu j      [7.2]  

where 
00g  is the grand mean; 

01g  is the mean difference between the treatment and control group or the main effect of 

treatment; 

jW  is the treatment contrast indicator,  ½ for treatment and -½ for control; 

ju0  is the random effect associated with each cluster; and 
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t  is the variance between clusters. 

Replacing (2) in (1) yields the mixed model: 

ijjjij euWY +++= 00100 gg , ),0(~0 tNu j  and ),0(~ 2sNeij
.  [7.3] 

7.2 Testing the treatment effect 

We are primarily interested in the main effect of treatment, 
01g , estimated by:  

CE YY
__

01
Ĕ -=g ,          [7.4] 

where EY
_

 is the mean for the experimental group and CY
_

 is the mean for the control group.  

When each treatment has an equal number, J/2, of clusters, the variance of the main effect of 

treatment is (Raudenbush, 1997): 
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where n is the total number of participants per cluster and J is the total number of clusters.  

 We can use hypothesis testing to determine if the main effect of treatment is ñstatistically 

significant,ò that is, not readily attributable to chance. Recall that a two-tailed null hypothesis 

states there is no difference whereas the alternative hypothesis states there is a difference. In 

symbols: 

0: 010 =gH  

0: 011 ¸gH  

If the data are balanced, that is, there is an equal number of participants in each cluster, we can 

use the results of a two factor nested ANOVA to test the main effect of treatment.
3
 The test 

statistic is an F statistic, which compares treatment variance to cluster variance. The F statistic is 

defined as: 
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MS
Fstatistic=         [7.6] 

Note that as the number of clusters J increases without bound, the F statistic converges to the 

ratio of expected mean squares, which is defined as: 

                                              
3
 This is the same result we would obtain using a two-level hierarchical linear model (Equations 1and 2) estimated 

by means of restricted maximum likelihood. 
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and can be rewritten as: 
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If the null hypothesis is true, the F statistic follows a central F distribution with 1 degree of 

freedom for the numerator and J-2 degrees of freedom for the denominator. Under the central F 

distribution, we would expect the F statistic to be approximately 1. In other words, there is no 

variation between treatments so 001ºg and the 4/2
01gnJ  term in the numerator of the expected 

mean square ratio goes towards 0. We see that if 0=l  the ratio of expected mean squares thus 

reduces to .11
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 If the null hypothesis is false so that there is a treatment difference, that is 001¸g , the F 

statistic follows a non-central F distribution with 1 degree of freedom for the numerator and J-2 

degrees of freedom for the denominator. Then the ratio of expected mean squares becomes the 

non-central F distribution, characterized by a non-centrality parameter, l(See Equation 7.8). 

lcan be rewritten as: 
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Note that l, known as the non-centrality parameter, is the ratio of the squared main effect to the 

variance of the estimate of the treatment effect. Equation 9 clearly shows that the non-centrality 

parameter, l, is a function of 01g , n, J, t, and 2s . 

 The non-centrality parameter is strongly related to the power of the test. As lincreases, 

the power increases. Increasing the treatment effect increasesl. Thus, if we are trying to detect a 

larger difference in means, lincreases and so the power also increases. Note that the 

denominator is identical to the variance of the treatment effect (Equation 7.5). So to 

increaselwe could decrease the variance of the main effect of treatment. Because the standard 

error of the treatment effect is more commonly discussed, instead of referring to the variance of 

the main effect of treatment, we often refer to the standard error of the main effect of treatment, 

which is simply: 
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From equation 7.10, we can see that the sample sizes affect the standard error and hence the 

power of the test. In general, increasing n decreases the standard error of the treatment effect thus 

increasing the power. However, at some point, increasing n without increasing the number of 

clusters, J, provides no further benefit. Thus as ¤­n , we can see that for Equation 10, 

JSE /2)Ĕ( 01 tg = , will not be zero unless .0=t  Also, as the total number of clusters, J, 

increases, the power to detect significant differences also increases. As J increases towards 

infinity, the power approaches 1 regardless of n. This is because as J increases towards infinity, 

the standard error (7.10) gets infinitely small. This causes the non-centrality parameter to 

increase towards infinity, which results in the power approaching 1. Intuitively this makes us 

think that we should just continue to increase J until the desired power is achieved. However, 

increasing J or adding additional clusters may not be feasible due to budgetary constraints.  

7.3 Standardized notation 

We standardize the notation to give a more meaningful definition for the parameters in 

the model and to facilitate the power analysis. First, we redefine the variability in terms of the 

intra-class correlation coefficient,r. The intra-class correlation,r, is a ratio of the variability 

between clusters to the total variability: 

2st

t
r

+
=           [7.11] 

where tis the variation between clusters; 

 2s is the variation within clusters; and 

 2st+ is the total variation. 

For US data sets on school achievement,r typically ranges between 0.15 and 0.25 (Bloom, Bos, 

& Lee, 1999; Bloom, Richburg-Hayes, & Black, 2007; Hedges & Hedberg, 2007; Schochet, 

2008). In school-based interventions design to improve mental health, r will generally be 

smaller, in the range of 0.01 to 0.05 (Murray & Short, 1995) . Because 
2st+  is the total 

variation, we can constrain it to be 1. Algebraic manipulation of the formula then reveals 

tr= and 
21 sr=- .  As r increases we know more of the variation is due to between-cluster 
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variability. Replacing tand 2s with rand 1-r in the standard error formula (equation 7.10), 

the standard error of the main effect of treatment can be rewritten as: 

 .
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From equation 7.12, we can see that increased values of r increase the standard error thus 

decreasing the power. Also, asrincreases, the effect of n decreases. Therefore, if there is a lot of 

variability between clusters, we gain more power by increasing the number of clusters sampled. 

The key idea for r is that power increases as r decreases for a fixed n and J.  

Next, we can standardize the true treatment effect. Because data for different experiments 

is collected in different scales, standardizing the data makes the results meaningful to any 

researcher, not just someone who is familiar with a particular data set. We define the standardize 

effect size,d, as the population means difference of the two groups divided by the standard 

deviation of the outcome: 
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Where  CE mmg -=01 ; 

Em  is the population mean for the experimental group; and 

Cm   is the population mean for the control group; 

Given 2s  and t, the standardized effect size, d, is estimated by: 
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The researcher must specify a desired minimum effect size to calculate the power of the 

test. Quantifying the treatment effect is not easy. It depends on the context of the study, the 

sample, and the outcomes in the study (Bloom, Hill, Black, & Lipsey, 2007).  

Recall that the power of the test is driven by the non-centrality parameter,l(equation 

7.9). We can redefine lin standardized notation as shown below: 
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This allows us to calculate the power of the as a function of n, J, d, and .r  
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7.4 Using a covariate to increase power 

 From a power perspective, including a covariate can be extremely helpful because if the 

covariate is strongly correlated with the outcome, it can greatly increase the precision of the 

estimate and hence the power of the study. We focus specifically on including a covariate at the 

cluster level. This may be an aggregated covariate, such as pre-test scores aggregated across 

schools or school SES. Empirical work has shown that similar gains in power for including an 

individual level or cluster level covariate (Bloom, Richburg-Hayes, & Black, 2007). Because it is 

generally less time consuming and less expensive to collect a cluster level covariate, we focus on 

level-2 covariates.  

 When we include a covariate in the design, there is an additional component that 

influences the power of the test: the strength of the correlation between the covariate and the true 

cluster mean outcome. The strength of the correlation between the covariate and the true cluster 

mean is denoted 
0b

rx
. We adopt this notation because 

j0b  is the true mean outcome for cluster j , 

and 
jX is the covariate. The residual level-2 variance, or unexplained variance after accounting 

for the covariate, is denoted
x|t . As we will see later, the stronger the correlation,

0b
rx

, the 

smaller the conditional level 2 variance, 
x|t , compared to the unconditional level 2 variance, t , 

and the greater the benefit of the covariate in increasing precision and power. Letôs take a closer 

look at the model with a cluster-level covariate. 

7.5 The model with a cluster-level covariate 

In hierarchical form, the level-1 model for a cluster randomized trial with a cluster-level 

covariate is the same as the model in equation 1. The level-2 model, or cluster-level model 

differs from a simple cluster randomized trial because it includes a term for the cluster-level 

covariate. The model with the covariate is: 

jjjj uXW 00201000 +++= gggb ,  ),0(~ |0 xj Nu t   [7.16] 

where 
00g  is the grand mean; 

01g  is the mean difference between the treatment and control group or the main effect of 

treatment; 

02g  is the regression coefficient for the cluster-level covariate; 

jW  is the treatment contrast indicator,  ½ for treatment and -½ for control; 
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ijX  is the cluster-level covariate, centered around its group mean; 

ju0
 is the random effect associated with each cluster; and 

x|t  is the residual variance between clusters. 

 Note that the between-cluster variance,x|t , is now the residual variance conditional on the 

cluster level covariate X. For simplicity, we assume there is no interaction between the cluster 

level covariate, X, and the treatment group, W. This is an assumption that can be relaxed and in 

general should be checked given that a researcher is interested in how the treatment effect may 

vary at different levels of the covariate. 

7.6 Testing the treatment effect (including a cluster-level covariate) 

 Similar to the cluster randomized trial without a covariate, we are interested in the main 

effect of treatment, or the difference between the treatment average and control average adjusting 

for the covariate. However, now it is estimated by: 

 )(ĔĔ
__

02

__

01 CECE XXYY ---= gg        [7.17] 

where EY
_

 is the mean for the experimental group;  

CY
_

 is the mean for the control group; 

 EX
_

 is the covariate mean for the experimental group; and 

 CX
_

 is the covariate mean for the control group. 

 Note that the estimated main effect of treatment looks like the estimated effect without 

the covariate except that here we are adjusting for treatment group differences in the covariate. 

For normally distributed covariates, the variance of the main effect is (Raudenbush, 1997): 
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where n is the total number of subjects; 

 J is the total number of clusters; and 

 x|t  is the conditional level 2 variance, xx |

2 )1(
0
trb- . 

 If the data are balanced, we can use the results of a nested analysis of covariance with 

random effects for clusters and fixed effects for the treatment and covariate. The test statistic is 
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an F statistic, which compares adjusted treatment variance to the adjusted cluster variance. The F 

statistic is defined as: 

 
clusters

treatment

MS

MS
Fstatistic= ,  

where 
treatmentMS  and 

clusterMS  are now adjusted for the covariate. 

Note that the F statistic converges to the ratio of expected mean squares, defined as: 

 x

clusters

treatment

MSE

MSE
l+=1

)(

)(
        (6) 

 The F test follows a non-central F distribution, F(1,J-3, )xl in the case of a cluster-level 

covariate where the non-centrality parameter, 
xl, is: 
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=                                                                                             [7.19]       (7) 

and  

 trt b )1( 2

| oxx -= .        (8) 

From equations 7.18 and 7.19, we can see that the stronger the correlation, 
0b

rx
, the smaller 

x|t , 

and the greater the increase in the power of the test.  

 The non-centrality parameter with and without the covariate are closely related. If the 

correlation between the covariate and the cluster level mean is 0, 
x|t reduces to tand the non-

centrality parameter reduces to,lthe non-centrality parameter in the case of no covariate. 

Although we are reducing the between cluster variance, one consequence of including a 

covariate is that we lose one degree of freedom. In the case of no covariate, the F test follows a 

non-central F distribution, F(1, J-2, )lwhereas in the covariate case we have );3,1( xJF l- . 

This may be a potential problem in a study with a small number of clusters. 

 The non-centrality parameter can be defined in standardized notation. Recall that in 

equation 7.19 we define the non-centrality parameter as 
)/(4 2

|
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n
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x

x
st

g
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+
= . Replacing 

trt b )1( 2

| oxx -= , constraining 12 =+st , and defining 
2

10*

st

g
d

+
=  we can rewrite  as a 

function of ,  and , as shown below: 


