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Section I: Introduction

This manual describes how to conduct a power analysis for individual and group
randomized trials. The manual includes an overview of each design, the appropriate statistical
model, and, for each, the calculation of statistical power and minimum detectable effect size. The
manual also explains how to use the Optimal Design Softwargidvie2.0 for planning
adequately powered experiments. The manual is divided into 5 sections. Section 1 provides a
brief introduction to power analysis, describes the various designs available in the software, and
describes the setup of the software. Wemanend that users read Section 1 first to understand
the main features of the program. Sections 2 through 5 describe particular modules in the
software and are statadone chapters that are specific to particular research designs. Appendix A

is also a stashalone piece that describes power for retalysis.



1.0 Statistical power

Power is the probability of rejecting the null hypothesis when a specific alternative
hypothesis is true. In a study comparing two groups, power is the chance of rejecting the null
hypothesis that the two groups share a common population mean and therefore claiming that
thereis a difference between the population means of the two groups, when in fact there is a
difference of a given magnitude. It is thus the chance of making thectoecision, that the two
groups are different from each other. Power is linked to discussions of hypothesis testing and
significance levelsso it is important to have a clear definition of each of these terms before
proceeding. Note that in a perfecitgple mented randomized experiment with correctly analyzed
data, power is the probability of discovering a causal effect of treatment when such an effect
truly exists.

In hypothesis testing, there are two hypotheses, a null hypothesis and an alternative
hypothesis. In a twdreatment design, the most common null hypothesis states that there is no
difference between the population meanh thetreatmentind controbroups on the outcome of
interest The alternative hypothesis states that there is a diffetstagen groups. The
difference may be expressed as a positive treatment effect, a negative treatment effect, or simply
that the treatment mean is not equal to the control nfgar. the hypotheses are clearly stated
and the data & been collected anchalyzed, the researcher must decide if there is sufficient
evidence to reject the null hypothesis.

The significance level, often denoted, is the probability of rejecting the null hypothesis
when it is true. This is known as a Typertor rate. A Type | error occurs when the researcher
finds a significant difference between two groups that do not, in fact, differ. Suppose, however,
that the null hypothesis is indeed false. A Type Il error arises when we mistakenly retain the null
hypahesis. The probability of retaining a false null hypothesis, often degtsdherefore the
Type Il error rate. In this case, the researcher overlooks a significant difference. The two types of

errors are illustrated in Table1l.



Table 11

Possible errors in hypothesis testing

Do Not Reject the Null

Reject the Null

Hypothesis Hypothesis
Null Hypothesis is True No Error Type | Error
(Probabilty =1 &) (Probability =& )
Null Hypothesis is False Type Il Error No Error

(Probability = O)

(Probability = 1 D)

If the null hypothesis is true (first row of Tablel), the correct decision is to retain the
null and the probability of this correct decisi= Probability (RetairH, |H, is true) = 14 .
With a =0.05, for example, the probability is 0.95 that we will make the correct decision of
retaining H, when it is true. The incorrect decision in this case is the Type liersecting the
true H,. WhenH,is true, this error will occur with probabilitg = 0.05.

On the other hand, if the null hypo#ig is false (second row of Tablellthe correct

decision is to reject it. If the probability of making this correct decision is defined as power =
Probability (RejectH, | H, is false)=1- & . The incorrect decision, knowas the Type Il error
occurs with probabilitys , that is Prob(Type Il erroH, false)=6 .

Looking at the results of a study retrospectively, we know that a researcher who has
retained H, (column 1 of Table 1) has either made a correct decision or committed a Type Il
error. In contrast, a researcher who has rejeetgdcolumn 2) has either made a correct
decision or committed a Type | error. Nok&at it is logically impossible for a researcher who has
rejectedH, to have made a Type Il error. To criticize such a researcher for designing a study
with low power in this case would be a vacuous criticbetause lack of power annot
account for a decision to rejeét,. However, a researcher who retains the null hypothesis may
have committed a Type Il error and is therefore potentially vulnerable to the criticism that the
study lacked power. Indeed, low powstudies in whichH,, is retained are virtually impossible

to interpret. One cannot claim a new treatment to be ineffective in a study having low power



because, by definition, such a low power study would have little chance of detetrting a
difference between two populations represented in the study.
Although Type | and Type Il errors are mutually exclusive, the choice oan affect
power. Suppose a researcher, worried about committing a Type | error, sets a |oegr
a =0.001. If the null hypothesis is true, this researcher will ndeed be protected against a Type |

error. However, supposkl, is false. Settinga very low will reduce powe equivalent to
increasingb , the probability of a Type Il error. While keeping in mind that the choicg of

affects power, we will for simplicity assung = 0.05 in the remainder of this discussion in
order to focus on sample size as a key determinant of power.

Of course, neither type of error is desirable and we would prefer to make the correct
decision. As a result, we want the probability of correctly detgetidifference, that ,she
power, to be large. For example, if the power is 0.80, we will correctly identify a difference
between the groups with probability 0.80. Power greater than or equal to 0.80 is often recognized
by the research community to bdfguent, though some researchers seek 0.90 as a minimum.

The ability to correctly detect a difference of a given magnitude in the mean outcome for
the two groups is characterized by the power of the study. If a study is underpowered, a
practicallysignificanttrue difference might go undetected. The importance of designing a study
with adequate power cannot be overstated, especially from the cost perspective. Imagine a multi
million dollar intervention study that fails to detect an effect simply becaesstildy did not
have sufficient power. In other words, the intervention may or may not predactcally
significant effects, but the researchers are not able to make this determination due to inadequate
power.One might argue that the money investethentrial was not well spent since at the end
of the study, it is still unclear whether or not the intervention was effective.
1.1 Approaches for conducting a power analysis

In the recent literature on statistical power, two approaches for conductiay po
analyses have emerged. The first approach, wh
begins with an assumption about #féect sizethe interve ntion produceand theaim is to
compute the power they will have to detect that effect with angseenple size. For example,
suppose that a team of researchers is planning a study to detect the effect oflasehool
intervention aimed at improving math achieve ment for third graders. They plan to randomize

schools to receive either the treatmentamtinue with current protocol. Pilot studies and
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available theory suggest that a practically significant effect would entail a standardized effect
size of 0.20; that is, a mean difference equivalent to 0.20 in units of the population standard
deviation ofthe outcome. Thus the researchers want to plan the study to be able to detect an
effect of at least 0.20 standard deviation units. In this case, the effect size is already determined,
and the researchers are interested in calculating the sample sizeangteschieve power of
0.80. Of course, this process can be repeated for a range of effect sizes.

The second approach, which we call the ndef
level of power and the aim is to compute the minimum effect size#mabe detected at that
level of power for any given sample size. This approach can, of course, be replicated at any
given level of power. Bloom (1995) defines tM®ES as the smallest true effect that can be
detected for a specified level of power anchgigance levefor any given sample size. For
example, suppose that another team of researchers is studying a whole school reform model.
They plan to randomize schools to either the new reform model or current conditions. Because of
financial consideratius, the team can only recruit 50 schools and 100 students within each
school. The sample size is set, thus the researchers are trying to determine the smallest effect size
they can detect with the pspecified sample size.

The power determination apprdaand the effect size approach represent two different
ways to conduct a power analysis. However, both approaches yield the same conclusions. That
is, a power analysis could be conducted using either approach and the ultimately the same
conclusions wouldbe reached. Also, both approaches also require assumptions about the
variation in the outcome. The Optimal Design software allows the researcher to use either

approach for conducting the power analysis.



2.0Design options

Identifying the appropriate search design for a study is critical because a power analysis
is specific to a particular design. That is, the required parameters differ depending on whether,
for example, individuals are the unit of randomization or clusters are the unit of randomizatio
or blocking is or is not present. This section summarizes the various design options present in
Optimal Design Version 2.0. The models and notation correspond to the HLM notation
(Raudenbush and Bryk, 2002). Specific details about how to calculateviles for the various
designs is found in sections 2 through 5.

Table 2.1 includes all of the design options when the primary outcome is measured at the
individual level. The designs are divided into two groups, those that randomly assign individuals,
hereafter referred to as person randomized trials, and those than randomly assign clusters, or
intact groups of individuals, hereafter referred to as cluster randomized trials (CRT). The first
row of the table identifies the number of levels in the study.ekample, a single level trial
simply has one level, whereas a msite trial can be conceived as a two level trial, with
individual in sites or blocks. We can look at rows 2 through 4 together to understand the
relationship between the level of randontiaa, the number of levels, and the presence of
blocking. For the single level trial and the simple nested designs that do not include blocking, we
can see that the level of randomization is the same as the top level in the study. For example, in a
three ével cluster randomized trial{8vel CRT), there are three levels and the top level, or
level three, is the unit of randomization. In the blocked designs, the level of randomization is
immediately below the blocks, with the blocks being the top levelekample, in a mulsite
cluster randomized trial (MSCRT), there are three levels, possibly students in classrooms in
schools and schools are blocks. Randomization occurs within the blocks, hence at level 2, or one
level below the blocks. This is truerfall the designs that include blocking in Table 2.1.

The next row indicates whether or not there is the option to include a covariate in the
analysis in the software. In the cases where a covariate is available, the covariate is always at the
level of randomization. Including a covariate is a common wagdrease the precision of the
study and thus reduce the required sample size, which can often help reduce the cost of the study.

The use of a covariate requires that the following assumptions are met: 1) the covariate has a



strong linear association withéloutcomeand?2) the association is similar within each treatment
condition.

The row | abeled Aoutcomeod identifies the o
For the single level trials, continuous outcomes are the only available option. Polysisdoa
binary outcomes is available for three of the
nested structure of the data for each design.
Table 2.1

Design Options for Individual Level Outcome Measures

Person Randomized Trials Group Randomiz Trials
Threelevel FourLevel Cluster
Two-Level Threelevel Multi-site Multi-site Randomize
Repeated  Cluster Cluster Cluster Cluster  Trial with
Singlelevel Multi-site (or Measures Randomized RandomizecRandomizerRandomizec Repeated
Trial blocked) Tial  Trial Trial Trial Trial Trial Measures
Number of
Levels 1 2 2 2 3 3 4 3
Level of
o 1 1 2 2 3 2 3 3
Randomizatio
Blocking? No Yes No No No Yes Yes No
Covariate? Yes Yes No Yes® Yes? Yes? Yes No
i i i Continuous Continuous Continuous i i
Outcome typq Continuous Continuous Continuout ] ] ] Continuous Continuous
Binary Binary Binary
Students,
Students, Repeated
Repeated Students, Classroom,
Students, Students, Classroone measures f
Example Students measures Classroons Schools,
Schools Schools Schools o students,
for student Schools Districts
(blocls) schools
(blocks)

 Option available for the continuous case only.
The second set of design options available in the software includes designs in which the

primary interest is in a grodipvel measure instead of an individual level measure. For example,

a measure of classroom quality might be the primary outcome. Weaskathe, however, that



the grouplevel outcome is measured imperfectly, that is, with reliability less than 1.0. In this

case measurement error variance fnadds a | evel.
(2000), Chapter 11. Table 2.2 presents thesiertgp These designs look similar to those in

Table 2.1 as far as the first four rows of the table. The main difference is that the outcome of

interest is measured at the group level rather than the individual. This is evident by the absence

of the individual in the examples of nesting in row 4 of Table 2.2.

Table 2.2

Design Options foGroup Level Outcome Measures

2-level cluster 3level cluster randomize  Multi-site cluster
randomized trial trial randomized trial
Number of
Levek 2 3 3
Level of
Randomization 2 3 2
Blocking? No No Yes
Covariate? No Yes No
Outcome type Continuous Continuous Continuous
Classrooms Classroom
Example Classroonms Schools Schools

Tables 2.1 and 2.2 identify the designs availabthe OD software. One major design
difference that emerges across the tables is whether or not a trial includes blocking. Although we
leave the specific details of each design to Sections 2 through 5, we discuss the rationale for
blocking since it apple across all the blocked designs identified in Tables 2.1 and 2.2.

2.1 Blocking

Blocking is a commonly used in experimental desa@mprove the face validity and/or
to improve the precisioand power of the experimental study. For person randomizdsl thia
basic idea of preandomization blocking is to find sites or blocks wher@ividualswithin the
sites are very similar with respect to the outcome vari@ue. then randomly assigns persons to

treatments within each block. Variation between bdod&es not affect the standard error of the
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treatment effect estimate; if such variation is large, blocking will increase statistical power. The

same idea extends to cluster randomized trials; then the aim is to find blocks where clusters are
similar withrespect to the outcome variablkhis reduces the heterogeneity withiocks

increasing the precision of the treatment effect estimate, hence increasing the power of the test

for the main effect of treatmel®e s ear cher s often re@gsaoc dt hate @l o
randomized trial with bloictke ngl ust ef treandee@mii e
shall use that language as well.

To illustratein the case of a cluster randomized trieagine that researchers develop a
new readingrogram for elementary school students. We knowttiepercent of students with
free/reduced lunch is relatéd school mean reading achievement. We might therefore assign the
school t o dbl o pekcsnbwih fleeaand raduced lumdMithin éaahrblock, we
randomize schools to receive the new reading program or the regular program. This reduces the
variance in the estimate of the treatment effect because by dividing schools into blocks we are
able to remove the betwediock variance fromhe error variancdf the betweeisblock
component is large, removing it greaitgreases the precisiah the estimateAnother example
arises because schools are naturally grouped within school districts. The districts are then blocks
or sites, and theandomization occurs within districts.

We define designs that block before randomizing as +sitéirandomized trials. In
essence, they are single leveltrials or cluster randomized trials that are being replicated within
each site. Replication acrosgesiallows us to estimate an effect size for each site. Thus we are
able to estimate theariability of the treatment effect across sites

In many cases, the sites will be regarded as randomly sampled from a larger universe or
Apopul at i ontés. Tihé largeousierisedid thee tagyet of generalization. For example, if
schools are sampled and then classrooms are assigned at random to treatments within schools,
the target of any generalizations will often be the larger universe of schools fromsehadis
in the study are regarded as a representative sample.

In other cases, the sites will be regarded as fixed. Consider a program designed to teach
students about the dangers of drugs. The outc
drugs, wiich is measured by a questionnaire. The researchers hypothesize that the school setting
- suburban, urban,orrurad f f ect s studentsdé attitude towards

the setting. In this case, suburban, urban, and rural are notedgasdampled from a population

11



of settings, but rther as fixed blocks or site¥/hether we view sites as fixed or random affects

the data analysis and planning for adequate power to detect the treatment effect.
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3.0 Layout of the Optimal Design Software

This chapter describes the setup of the software. Section 3.1 describes how to navigate
through the mainscreen of OD. Section 3.2 describes the layout of each module. A concluding
section highlights the underlying assumptions in the software.

3.1 Navigding the main screen

The blank screen in the Optimal Design is displayed in Figure 3.1.
R1=TF

Fle Design Help

Figure3.1. Inttial blank screen.

Clicking on the file option reveals the preferences and the exit options. The preferences allow the
user to select black and whie color for the graphs on the screen and any saved graisis.

the user can select to integer or continuous values on the horizontaFiguse 3.2 displays the

preferences screen.

x

Screen graphs————— Saved graphs
* Calor " Calar
(" Black and White & Black and White

¥ Frint continuous horizontal axis

! Clicking along the trajectory is not an exact method for obtaining the power for a study. It gives a very close
estimate. Selecting continuous values may help the user find a more exadR\@ide.is available upon request
for users interested in theaet power.
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Figure 3.2. Preferences.
The help option provides the user wigsources and contact information for the Optimal
Design authors.
The main menu is found under the design heading. Clicking on the design tab brings up
four options:
Design
Person randomized trial
Cluster randomized trial with persdevel outcomes
Cluster randomized trial with clustdevel| outcomes
Metaranalysis
We focus on the first three choices, however, the power for aamalgsis is discussed in
Appendix A. The first three choices, person randomized trials, cluster randomized trials with
personlevel outcomes, and cluster randomized trials with clestes| outcomes, correspond to
the main design options defined in Chapter 2. Within each type, there are various design choices
as identified in Tables 2.1 and 2.2. The specific detailsdohalesign option are included in
Sections 2 5. However, each module functions similarly and section 3.2 describes the general
layout of each module.
3.2 Generallayout
The OD is setup to encourage the user to have already defined the design priomg r
power calculations. That is, the user must navigate through a series of design prompts prior to
reaching the screen which enables him to conduct a power analysis. The first thing the user must
determine is whether the trial is a person randomizald fra cluster randomized trial with
individual outcomes, or a cluster randomized trial with grtaye | outcomes. We discuss each
option separately.
Person Randomized Trials
Placing the mouse over the heading person randomized trials reveals thras:optio
Person Randomized Trial
Single leveltrial
Multi-site (or blocked) trials

Repeated measures

14



The design choices correspond to those in Table 2.1 and the user must select the appropriate
design at this stage. After selecting a design, the main menu for the design will appear. The menu
for each design varies slightly depending on the design amsaided in detail in the individual
design chapters.
Cluster Randomized Trials with perstavel outcomes
Placing the mouse over the heading cluster randomized trials with gexsdioutcomes
reveals two options:
Cluster Randomized Trials with perstavel outcomes
Cluster randomized trials
Multi-site (or blocked) cluster randomized trials
After clicking on either a cluster randomized trial or blocked trial, the user is asked to specify the
level of treatment. After selecting the level of treatinéime main menu for the design appears.
Cluster Randomized Trials with grotgvel outcomes
Placing the mouse over the heading cluster randomized trials with-gnailputcomes
reveals two options:
Cluster Randomized Trials with grougvel outcomes
Cluster randomized trials
Multi-site (or blocked) cluster randomized trials
Similar to the CRT for perselevel outcomes, the user is prompted to decide either a cluster
randomized trial or a blocked trial. Selecting on the cluster randomized toatftne user to
select either treatment at level 2 or 3 in order to enter the main menu for a design. There is only
one option for the blocked trial, treatment at level 2, and once selected, the user enters the main
menu.
3.3 The main menu for a design
After navigating through the prompts to the appropriate design and selecting a display
option (such as power vs. total number of people), the main menu for each design is very similar.
Figure 3.3 displays the main menu for a person randomizedtriaihge leveltrialA Power

on yaxisA Power vs. total number of people.
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i

Flle Design Working Help
Ik
|8 [p2fsilsse] k] ue]owe @ o] X

Figure 33. Main menu for a person randomized trial.

The buttons that appear at the top of the screen vary for each design depending on the parameters

that are required for a power dsas. However, the general layout is the same. The title appears

at the top, in this case, Power vs. total number of pedleThis indicates that the power will

be on the yaxis and the total number of people will vary along tteexis. Below is an

explanation of the buttons that appear below the title.

a is the significance level, or Type | error rate. By default, it is set to 0.05. It can be
changed by clicking on it and changing the value.

2 R are the design parameters regdifor conducting a power analysis. For other

(a4

designs, other parameters may be required. To set these parameters, the user
simply clicks on the button and sets the value. The number of options for each
parameter varies from 1 to 3.

¢X¢ controls the minimum and maximum values on tkexis. The minimum and
maximum values can be changed by clicking this button.

¢cY¢ controls the minimum and maximum values on tfexig. By default, the-yaxis
is set from 0.0 to 1.0 but cdoe changed by clicking on the button
Graph symboplots the default settings.

Leg allows the user to change the title of thaxis legend, yaxis legend, and to add a

title to the graph.
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Save allows the user to save the graph. Graphs are saved aflesrahd can be
inserted into a word document using the insert picture command.
Print symbol prints the graph on the screen.
Defs plots the default settings.
X closes the graph and returns the user to the original screen.
Clicking on any button autortiaally yields a power curve. Figure 3.4 is the default

power curve for the single level trial.

i
Flle Design Working Help

REIE
|8 [p2fsilsse] k] ue]owe| @ o] X

a =0.050
g=0.20

~msoT
!

43 g2 121 160 199

Total number of subjects

Figure 34. Default settings for single leveltrial.
The key appears in the upper right corner of the screen and lets the user know the specified
parametersThe parameters are changed by clicking on the buttons. Clicking along the trajectory
also allows the reader to determine the power for a specific sample size.
3.4 Assumptions

There are several assumptions underlying OD. First, we assume that all designs
balanced. For example, in a single level trial with 60 people, we assume that 30 people are in the
treatment group and 30 are in the control group. In some cases, the design is purposely
imbalanced or differences in cluster sizes are unavoidable. ¥denneend using the harmonic
mean for these cases.

A second assumption is that there are two conditions. In all cases, the power is calculated
for the difference between two groups, treatment and control. For multiple groups, we

recommend using the softwateedetermine the power for pairwise comparisons.
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A third assumption is that the parameters entered into the software are reasonable. The
OD accepts all parameter values and does not test whether or not a parameter value is realistic.
Pilot data and litexture reviews are the most appropriate methods for obtaining reasonable

parameters to use for a power analysis. The default values are simply default values and do not
apply to any particular study.
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Sectionll: Optimal Design for person randomized trials

Optimal Design for person randomized trials includes trials where individuals are
randomly assigned to the treatment or control condition. There are three types of designs in this
category. Briefly, single level trials are trials with no blocking dustering. That is, individuals
are randomly assigned to either the treatment or the control group-ditellfor blocked) trials
are studies where individuals are randomly assigned to the treatment or control within blocks.
That is, the randomizatigorocess is repeated across blocks or sites. The blocks may either be
intact entities such as classrooms or they may be matched pairs, where individuals are put into
pairs (or blocks) because they are similar with respect to a variable that is relatedutctme.
The third option, repeated measures, are studies in which individuals are randomly assigned to
the treatment or control and then the individuals are measured repeatedly over time. We describe
the conceptual det ai | soreadndesignindghe foltbwing & chéiptelsw t 0 0

19



4.0 Single level trials

Single leveltrials rely on the assignment of individuals to a treatment condition. In a
single level design, weimplyrandomize individuals to a treatment conditmncontrol
condition. The use of random assignment assures that the treatment groups are conffistable.
we examine the statistical modédssee what effects the power to detect the treatment effect.
4.1 The nodel

We can represent data from a single level trial wisingple one level model. The model
can be expressed:as

Y = b, + bW +r, r. ~N(0,5?) [4.1]
for

i =1, gersods in the study
where

Y. is the response for person

b,is themean response

b, is the treatment effect
W is the treatment indicator with ¥ for treatment a¥td for control

r. is the random error associated with each person

I
s ?is the between persons variation.
4.2 Testing the treatme nt dfe ct
We are primarily interested in the main effect of treatmntor in a balanced design,

the simple difference between the treatment and control averagesstitnated by:

N

b,=Ye-Yc [4.2]

1

where
Ye is the mean for the experimental group

Y is the mean for the control group.
AssumingN/2 persons per cluster, the variance of the estimated treatmectt isffe

20



4s?

var(lA71) = [4.3]

Note that the variance of the treatment effect is a function of the total sampM, sinel, the
betweerpersons variances >
We can use the results of a one way analysis of variance with a fixed effect for the

treatment. The test statistic is Rstatistic, which compares treatment variance to error variance.

The F statistic is defined as:

Fstatistic= M . [4.4]
MSerror)
As N increases without boundheF statistic converges to the ratio of expected mean squares,
defined as:
2 + 2 2
E(MSreatmer) - S N2b1 /4 :1+ Nbl2 [45]
E(MSEI'TOI’) s 45
and can be rewritten as:
2 2
EMSeaimen) =1+/ where/ = Nb12 = blA [4.6]
E(Mserror) 45 Var(bl)

If the null hypothesis is true, tHestatistic follows a centrdd distribution with 1 degree
of freedom for the numerator ahd2 degrees of freedom for the denominator. Under the central
F distribution, we would expect tHe statistic to be approximaiel. In other words, there is no
variation between treatments g © Oand the term withNg; in the numerator of the expected

mean square ratis null We see that if/f =0 the ratio of expected mean squacesverges in

2
large samples teE(MS‘M =2 _-1+/ =1

E(MScIuste> S 2

If the null hypothesis is false so that there is a treatment difference, that i, theF
statistic follows a nowentralF distribution with 1 @gree of freedom for the numerator @@
degrees of freedom for the denominadad norcentrality parametefThen the ratio of expected
mean squares becomes the-gentralF distribution, characterized by a roentrality

parameter,/ , defined inEquation4.6. Note that/ can also be expressed hs tatio of the
squaredreatmenteffect to the variance of the estimate of the treatment effect.

21



The noncentrality parameter is strongly related to the power of the test.imkseases,
the power increases. LookingEquation 46, we can see that the noentrality parameter is a

function ofN, s?, and b,. As s the variation betweepersonsdecreases, the naentrality

parameter will increase. As the desired effect dizencreases, the necentrality parameter
increases. However, the problemthese two parameters is that they typically are not under
the control of the researcher. The effect size and betperson variability are usually a
function of the phenomenon under consideration. As a result, the most effective way for the
researcheratincrease the power of the test to detect the treatment effagiven magnitude
to increase the total sample sikk As N increases, the necentrality parameter increases as
well.
4.3 Standardize dnotation

Thus far we have focused on the unstandardmggtion However it will be easier to
think in terms of standardized units standardized effect size, is the difference in the
population means of the two groups divided bydtadard deviatiorof the outcome. The

standardized effect in a single level trial can be expressed as:

[4.7]

where
b=m-m
m is the population mean for the experimental group
m. is the population mean for the control group.
In the standardized model, we set =1 . Dividing the numerator and denominator of the-non

centrality parameter bg > we see that we caepresent th noncentrality parameter in
standardized notation simply as:

_Nb?Is? _ Nd?
4s?%]s? 4
This allows us to calculate the power as a function of only two parameters, the total sample size

/ [4.8]

and the standardized effect size
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4.4 The model with a covariate
Choice of an effective pregeatment predictor known aseovariat®  weduck the

betweerperson variation, hence increasing the precision of the estimate of the treatment effect.
The correlation between the covariate and the outcome isedngf. The proportion of
variance explained by the covariate is de notég.

Equation 4.9 is thenodel with a covariate.

Y, = b, + bW + b, X, +r, r.~N(0s) [4.9]
where

Y. is the esponse for person

b,is the mean response

b, is the treatment effect

W is the treatment indicator with ¥z for treatment a¥td for control

b, is the regressionoefficient for the covariate

X,is the value of the covariate, centered around its grand mean
r. is the random error associated with each persamditional on the covariate

s.is the between persomriationconditional on the covariate, and can therefore be

regarded as the fcosicilid shal variance, 0 where

Note that the model now looks like the familiar analysis of covariance model. Th
variance is conditional on the covariate. The smaller the conditional variance relative to the
unconditional variance, the greater the increase in the precision of the treatment effect.

4.6 Testing the treatment effe ct (including a covariate)
The estimate of the treatment effect is:

by =Ye- Ye- B5(Xe- Xc). [4.10]
The estimate of the treatment effect is adjusted for the difference in the two groups on the mean
value of the covariate. THe statistic still follows a nomentralF distribution,F(1,N-3, /).

However, notice that the denominator degrees of freedom is one less than the case without the

covariate. The new necentrality parameter is:
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[4.11]

Note that the smaller the conditional variartbe, larger the nenentrality parameter, and
greater the power of the test for large sample sizes.
In standardized notation, the roantrality parameter is written as:
No'* _ No?
X - 2
4 41- ry,)

[4.12]

where

g=b -__ &
JsZ o s r2)

calculate the power of the test as a function of the proportion of explained variation in the

the conditionaéffect size Using Equation4.11, we can

outcome by the covariate, the standardardized effect size, and the total sample size.
4.8 Using the Optimal Design for ;gle level trials
The single level trial module allows the researchexpiaroach the power calculations
using either the power determination approach or the effect size approach. The module menu is
below:
Power on yaxis
Power vs. total number of peepiN)

Power vs. effect size (

¢
~—

Power vs. explained variation by covariaté)(R
MDES on yaxis

MDES vs. total number of people (N)

MDES vs. powerR)

MDES vs. explained variation by covariate’(R

The first three options present the power onytlaexis and the sample size, effect size, and
explained variance on theaxis, respectively. The second three options present the effect size on
the yaxis and the sample size, power, and explained variance orattie. ¥We present an

example below and gitrough the steps involved in conducting a power analysis for the

example varying the known and unknown parameters.
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4.9 Example

A team of researchers is planning to do an experiment to deteattémeling a charter
school compared to the local publcheolimproves academic achieve meAssumethat more
students apply for admission to the charter scth@ol they can admiBecause of the large
number of applicantsll students enter a lottery and half of the students are randomly chosen to
receive tle treatment, enrollment at the charter school,faidof the studentwill receive the
control condition, enrollment at the local public schdtle researchers hypothesize that
students enrolled in the charter school will have greater achieve menh¢hatudents at the
regular public schools. They plan to measure achieve ment using the lowa Test of Basic Skills
(ITBS). Section 4.10 presents a scenario in which the power determination approach for
conducting a power anlaysis is most applicable to thidysand provides the details of how to
do the power analysis using OD. Section 4.11 presents a scenario in which the effect size
approach for conducting a power anlaysis is most applicable to this study and provides the
details of how to do the power ansiy using OD.
4.10 Power determination approach for conducting a power analysis

Based orpilot studyresults, the researchers expect that students in the treatment group
will score 0.25 standard deviation units greater than students in the controbgrthgd TBS.
The researchs want to be able to detect this smatment effect with power = 0.80. How many
studentsare required for the study? Suppose the researchers decide to administerstiqe!
students prior to the studgased on pasttérature, they expect the piest to explain 64% of the
variation in the postest scores. How marstudentsare required after including the piest in
the design and analysis plan?

In this scenaripthe total number of individuals is unknownd the &ect size for
planning is set at 0.25. Thus the most appropriate choice for the power analysis is to allow the
sample size to vary on theaxis and the power to vary on theyis. The steps follow.
Step 1: SeledPerson randomized triads single leveltrials A Power on yaxisA power vs.
total number of peopla\). The blank screen is in Figure 4.1
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Figure4.1. Main menu for a cluster randomized trial.
Note that the two parameters on the toolbar that are required for calculating the powerahclude
the effect size, and’Rthe percent of variation explained by the covariate (if there is a covariate).

Step 2Click ond. Set delta(1) = 0.25'he power curve appears in Figure 4.2.

» Optimal Design ] 3]
Fie Design Working Help
. Single Level Trial - Power vs. N I ] 23

o] 8 welonfss] L] s x|

~o=o0T
1

43 82 121 160 199

Total number of subjects

Figure 4.2 Power curve
Step 3 Looking at the graph, we can see that we need to extenektkis i order to determine
how many individuals are required to achieve power = 0.80. Click on <x< and set the maximum

= 600. Figuret.3displays the screen.
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Figure 4.3.Power vstotal number of subjects.
Note that the key in the upper right corner showsdhk8.25 that we specified. Clicking along

the trajectory reveals that 504 people are required to detect an effect size of 0.25 with power =

0.80. This means 252 individuals would be randomized to both treatment and control.

Note that Figure 4.doesnotuse he i nf or mati on in the covariate
see what happens to the required sample size.

Step 4 Click on R. Set r2(2) = 0.64. Figuré 4displays the resut.

=18
e esgn tew

o8 ||| e vevmn| @ o | X

Figure 4.4 Power vs. total number subjects with covariate

The keyindicatesthat the dotted trajectory represents the plot for the design with thegtre

Clicking along the trajectory, we can see that the required sample size for power = 0.80 drops to
180, or 90 in each condition. Including the covariate redube total sample size by 324

persons. This reduction may be critical for reducing the cost of the experiment.
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In this scenario, we allowed the sample size to vary along-thasx However, we could
also choose to allow the effect size to vary alorghxis (Power vs. effect size) or the
explained variation by a covariate (Power vs. explained variation by a covariate) to vary along
the xaxis and still maintaining the power on theyis.
4.11 Effect size approach for conducting a power analysis

Suppose that the researchers have counted up the total number of people that entered the
lottery and discover that there are 200 people that want to participagteople will enter
the lottery, thus 100 people will be assigned to the treatment arped@® will be assigned to
the controlWhat is the minimum detectable effeite (MDES)the researchers can find with
power = 0.80? Suppose the researchers decide to administetestpoeall kids prior to the
study.Based on past literature, they egpthe pretest to explain 64% of the variation in the
posttest scoresWhat is theMDES with power = 0.80?

In Scenario 2, th&IDES is unknownand the total sample size is limited to 200u3the
most logical approach for conducting the power analydis allow the MDES to vary on the y
axis. One option then is to select the following:
Step 1: SeledPerson randomized triads single leveltrialsA MDES on yaxisA MDES vs.

number of peopleN). The blank screen appears in Figure 4.5.

~igix]
File Design Working Help

i
[P [Reoss] Lz ve]owe] & ]os] x|

Figure 4.5 Main menu for person randomized trial.
The toolbar is identical to the toolbar in Figure 4.5 except for the required design

parameters. Because the MDES is on taxig and the sample size is on thaxs, the program
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requires that the user specify povesd R, the percent of variation explained by the covariate.
To determine the MDES for power of 0.80, follow the steps below:

Step 1: Click orP. SetP(1) =0.8Q

Step 2: Click on R Set r2(2) = 0.64. Figur4.6 displays the results.

~igix]
File Design Working Help

isix]
[P [Reoss] Lz ve]owe] & ]os] x|

a = 0.050

F-0.80
— —Fe0a0Ri =08
E}

@M= 0@
@
I

43 g2 121 160 199

Total number of subjects

Figure 4.6 MDES vs. power.
Clicking along the solid trajectory reveals a MDES of 0.40 for 200 people whereas clicking
along the dotted trajectory reveals a MDES of 0.24 for 200 people, both under the constraint of
power = 0.80.

In this scenario, we allowed the totdlpeople to vary on the-axis. Additionally, the
power (MDES vs. power) or explained variation by a covariate (MDES vs. explained variation

by a covariate) could vary along theaxis with MDES on the Jaxis.
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5.0 Multisite (Blocked) trials

We define a multisite or blocked trial as a tlewel design with students within blocks.
For example, classrooms may represent a block and within each classroom, students are
randomly assigned to receive a novel treatment. We consider power for the tredtewnfirst
assuming random site effects after which we consider fixed site effects.
5.1 The model (Assuming random site effects)

The model for a multsite trial can be thought of as a two level hierarchical linear model.

The levedl, or individual leeel model is:

Y, = boJ' + blj X+ [5.1]
for
i =1...n persons per site
j =1...,J sites
where
Y, is the response for persoat sitej
b,; is the mean response at gite
b,; is the treatment effect at sjte
X;; is the treatment indicator with % for treatment &id for control
r, is the random error associated with persansite;
s ?is the between persons variation.
The leved2, or site level model is:
by; = Gyo + Uy, Uo; ~ N(0,Z ) 5.2]
blj = 0o+ Uy, Uy ~ N(O,z,,)
where

J,0iS the grand mean
g,,1s the main effect of treatment

up; is the random error associated with the mean
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uy; is the random error associated with the treatment effect
t,,is the variability between site means

t,, is the variability between sites on the treatment effect

The inclusion of the random error termg, and u,; , is what defines this as a random effects

model. Our primary interest is the main effect of treatmgpt, and the variability of the

treatment effecacross sitest | ;.

5.2 Testing the treatment effect

In a balanced design, the main effect of treatment is estimated by:

‘@0 =Ye- Yc [5-3]

Ye is the mean for the experimental group

Y is the mean for the control group.
The variance of the estimated treatment effe@@&udenbush & Liu, 2000)

t,, +4s%In

var(dj}o) = ]

Note that the variance of the estimated treatment effect is a function of the number ofhlocks,

[5.4]

the number of persons per blookthe betweeipersons variations 2, and the variability
between sites on the treatment effect,

If the data are balanced, we can use the results of an analysis of variance with random
effects for the sites and fixed effects for the treatment.FT$iatistic for testing the main effect
of treatment follows a neoentralF distribution,F(1,J-1,/ ). Recall that the neoentrality
parameter/ , is the ratio of the squared treatment effect to the variance of the treatment effect
estimate. The nenentrality parameter can be written as:

IG5,

=_ "0 5.5
t,+4s?In (53]

Recall the larger the nerentrality parameter, the greater the power. It is clear that increasing the
number of sites as well as the number of persons per site inctea$asever, looking at

Equation 55we can see thaltis more influential for increasing thanis n. In addition, studies
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attempting to detect larger effect sizes have greater power. Finally, as the treatment effect
variability gets larger) becomes exceedingimportant. In cases with extremely large effect
size variabilty and small treatment effects, it is important to recognize that the treatment effect
may not be very meaningful. For exammeargeeffect size variability may mean that in some
sites, thereatment is producing a harmful, or negative effect. The average effect may be positive
but it may be hiding the fact that the treatment works very well in some sites and is harmful in
other sites. Hence it is important to report both the estimate tfethenent effect and the
variability in the treatment effeat the results of a muigite trial.
5.3 Standardized notation

In order to give meaning to the size of an effect without knowledge of the specific
outcome scale or measurement, we ofttamdardize the effect sizes. In a mslte trial, we also
need to standardize the effect size variability. For example, an effect size variance of 0.10 is the
same as a standaddviationof approximately+/0.10 =0.31. If a researcher des$ a minimum
detectable effect of 0.20, a standdediationof 0.31 is large and would indicate a lot of
variability in the treatment effect across sitegleed, if the treatment effects were normally
distributed, we would expect 95% of them to lie witabout two standard deviations of the
mean; more precisely, in the intervab° 1.96* 0.31= (- 0.51,0.71) , indicating that the effect
can range from very harmful to very positive.

Dividing the numerator and denominator of Equation 5.5 By we can express the
noncentrality parameter as:

IR IS I

= = 5.6
(t,,+4s?In)/s? si+4In (58]

g="o s;:i [5.7]

Js? s
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are, respectively, the standardized effect size and the standardized effect size vaNalslity.
that5.6 shows that thpower in fact depends only on J,d, ands 2

5.4 The model with a covariate
The covariate reduces the betwgmmson variation, he nce increasing the precision of the

estimate of the treatment effect. The projoriof variance explained by the covariate is

denotedr ;. Levet1 of the model includes the covariate:
Y, = bOj + bljvvij + ijXij R € ~ N(0,s *x) [5.8]
. 2 2 2
Noter s =(1- r,,)s “for
i =1...n persons per site
j =1...,J sites
where

Y; is the response for persoat site]

b,; is theadjustednean response at sjte
b,; is theadjustedreatment effect at site

W

. is the treatment indicator with %2 for treatment arid for control

X; is the covariate

g; is the random error associated with persansite]

s Zis the between persons variatimonditional on the covariate
The leved2, or site level model is:

b.. = +U..
0j gOO 0j qu - N(O,l'oqx)
by = g0t Uy U ~N(O.,) [5.9]
1] iy
bz;‘ =0y J

The OD software is based on parameter estimates prior to blocking as well as an estimate of the percent of variancieyettpdhacking

a

u

ﬁ and

variable. After the user enters the parameters, the program calculapegaheters defined in eafion 7as follows: a=

2
S
q
Ss = =—— whereu is the value prior to blocking and B is the percent of variance explained by blocking.

1- B)
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where

9yoiS the grand mean

g,.is theaverage treatment effect

0y,is the regression coefficient for the clustevel covariate, which is assumed constant
across sites

up; is the randoneffectassociated with the mean

u;; is the randoneffectassociated with the treatment effect
t,,is theresidual variance between sites means

t,, is the variability between sites on the treatment effect

The inclusion of the random error termg, and uy; , is what defines this as a random effects
model. Our primary interest is the main effect of treatmgpt, and the variability of the

treatment effect , ;.

5.5 Testing the treatment effe ct (including a covariate)
The estimate of the treatment effect is:

n

Yo =Ye- Ye- gzoo_(E' >_<C) [5.10]
The estimateas adjusted for the difference in the two groups on the mean value of the covariate.
The variance of the treatment effect estimate is:

" t+4siin

var(g,,) = — ] [5.11]

where
s is the conditional variancel- r;)s?.
TheF statistic still follows a nomentralF distribution,F(1,J-1, /,). The new nortentrality

parameter is:

2
:‘JL“’2 [5.12]
t,+4s,/n

X

Note that the smaller the conditional variance, the larger theamality parameter, and
greater the power of the test for large sample sizes.

In standardized notation, the noncentrality parameter is written as:
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_Jd”
s +4In

where
d = Y0 _ , the conditional effect size and
1/slx ,/
si= S :
“ 1]

5.6 Testing the variance of the treatment effect

For any design with] 2 4, we carestimateand testhe variance of theeatment effect
across sites. This is particularly importafrthe treatment effect variability ison-negligible, in
which case the main effect of treatment may poorly represent the treatment effect in any specific
site. In this caseye need to havedequate power to detect this variability.

The power to detect the variance of the treatment effect is also base&-dasinin
standardized notation, thestatistic is(Raude nbush and Liu, 2000)

£ oD HAE

44

The F-statisticfollows a centraF distribution withJ-1, J(n-2) numerator and denominator

[5.13]

degrees of freedom. The ratio of the expectation of the numerator to the denominator is

_nt,+4s% nS§+4_1+ ns’

= 5.14
4s? 4 4 [5.14]

Under the null hypothesis of no effect size variabjlte expects >to be 0, thusw=1. As the

ratio of expected mean squares increases, so does the power to detect the effect size variability.
We can see from equation 9 thatsor n get Iarger ns g also gets larger, which means the

power increases. This contradicts what we learned about increasing the power of the test to
detect the main effect of treatment. For that test, increasing the number of sites yields greater
increasesn power than the number of individuals per sites, and smaller variance in the treatment
effect across sites results in larger power. Thus studies cannot be planned to maximize the power
to detect the main effect of treatment and the variance of the trgtagffiect simultaneously.

Prior to planning a study, researchers must decide the primary goal of the study, detecting the
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main effect of treatment or the magnitude of the treatment by site variance, and plan the study
accordingly.
5.7 The fixed effects nodel

The fixed effects model assumes homogenetity of the treatment effect across sites. The

fixed effects model looks the same as the random effects mode| exceyy; thad u,; are

designated as fixed constants rattiian random variables. This difference is depicted in the
level2 model:
bOj = G0 T U, [5.15]
by =gy + Uy
where

9,0is the grand mean

g,,is the main effect of treatment

up; ] =1 ,aée fixed effects associated with each site mean, and are constrained to have

a mean of zero.

u; ] =1, aéefixed effects associated with each site treatment effect, and are

constrained to have a mean of zero.
We are interested in¢hmain effect of treatmeng,,, and the fixed treatment by site interaction
effects,u;, j =1, €, J.
5.8 Testing the treatment effect

We can use the results from an analysis of variance with fixed effects for tleditee
main effect of treatment as well as the fixed effeAigain, the test statistic is an F statistic. The
F test follows a noncentral F distribution JH(, J(n-2);/ ). In standardized notation, the
noncentrality parameter is:

/= Jng® _ Ja* .

4 4/n

Note that the treatment effect variability does not appear in the formula because we do not allow

[5.16]

the treatment effect to vary randomly across siiée. models and necentrality parameters are
easily extended to the case with a covariate by following the logic presented in sections 5.4 and

5.5. However, we caution that the main effect of treatment will be uninteresting or even
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misleading when effect size variability is large, that is whgrj = 1 , vary slibstantially. In

that case, the main effect may poorly represent the treatment effect in any given site, and one
would want to estimate and tgst= 1 , . &he Jests for these specific sligsite treatment
effects (see Seotn 5.9) may be poor, particularly when the sample size per site is small
5.9 Testing siteby-treatment variation in the context of a fixed effects rodel

Operationally, the test of the treatment by site variation for a fixed effects model is the
same ashat for a random effects model. The primary difference is in the null hypothesis. In the

random effects model, we test:
H,:s2=0. [5.17]
However, in a fixed effects model, the treatment by site effects are fixed constants so we test

3
Ho: @ uf =0. [5.18]

j-1

We use the sanie statistic, F =%mtxs“ewith J-1 numerator degrees of freedom akfd-2)
ithincell

denominator degrees of freedom. If we reject the null hypothesis, a logical next step would be to
try to identify sites for which the treatment effect is the same (Kirk, 1982).
5.10 Using the Optimal Design for multisite (blocked) trials

The multisite (docked)trial module allows the researcherapproach the power
calculations using either the power determination approach or the effect size approach. The
module menu is below:
Power for treatment effect oraxis

Power vs. site size (n)

Power vs. totenumber of sitesJ)

Power vs. effect size (0)

Power vs. effect size variability
MDES on yaxis

MDES vs. site size (n)

MDES vs. total number of sited)(

MDES vs. effect size variability

MDES vs. powerR)
Power for effect size variability opraxis
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Power vs. site size (n)

Power vs. total number of site) (
We present an example below and go through the steps involved in conducting a power analysis
for the example varying the known and unknown parameters.
5.11Example

Suppose a team of remehers is planning to test a new tutoring program for at Pk 2
grader students in a particular school districtrisk 2 graders in the district will be randomly
assigned to either the treatment condition, a new pullout tutoring program, or th& cont
condition, the standard in class tutoring program. Researchers plan to bloklssnmomThus
within eachclassroonthe identified asisk 2 graders will be assigned to the treatment or the
control condition. The researchers expect that blockinglassroonwill e xplain 30% of the
variation in the outcome. The researchers plan to use a random effectantbdssume the
effect size variability to be 0.01. Section 5.12 presents a scenario in which the power
determination approach for conductingaver analysis is most applicable to the study and
provides the details of how to do the power analysis using OD. Section 5.13 presents a scenario
in which the effect size approach for conducting a power analysis is most applicable to the study
and provideghe details of how to do the power analysis using OD.
5.12 Power determination approach for conducting a power analysis

Based orpilot studyresults, the researchers expect that students in the treatment group
will score 0.25 standard deviation unitegter than students in the control group on the
outcome.The researchis want to be able to detect this siatment effect with power = 0.80.
They have 20 students per classrobtow manyclassroomsre required for the study? Suppose
the researchersdide to administer a ptestto all students prior to the studgased on past
literature, they expect the ptest to explairb(0% of the variation in the pogést scores. How
manyclassroomsre required after including the prest in the design anahalysis plan?

In this scenaripthe total number aflassroomss unknownand the effect size for
planning is set at 0.25. Thus the most appropriate choice for the power analysis is to allow the
sample size to vary on theaxis and the power to vary olmet yaxis. The steps follow.
Step 1: SeledPerson randomized triads multisite (blocked)rials A Power on yaxisA power

vs. total number dfites (). The blank screenis in Figure 5.1
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Figure 5.1.Main menu for person randomized trials witlocking.
Step 2Click ond. Set delta(1) = 0.25.
Step 3: Click ons ;. Sets ;= 0.01.

Step 4: Click on n. Set n(1) = 20.

Step 5: Click on B. Set B(1) = 0.30. The power curve appears in Figure 5.2.

L O SRES)
File Design Working Help

- Multi-site trial(treatment) - Power vs. J I =] 59
o|d|ai|n|B|rd|mes] 12| re]om| @]en] X]

o =0.050

0sd n=20§= 0.25,05= 0.01,B=0.30

Figure 5.2 Power vs. total number of sites.

Note that the key in the upper right corner showsdath®. 25 that we specified. Clicking along

the trajectory eveals thaRl sites or classroonase required to detect an effect size of 0.25 with

power = 0.80Note that Figure 5.does noaccountfot he covariate. Letds in
and see what happens to the required sample size.
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Step 6 Click on R. Set r2(2) = ®0. Figure5.3displays the resut.

Desig =LA
File Design Working Help

=101
| 8| a2 n | Blrafody] k| ee|or| @ o] X|

= 0.050
n= 20 8= 0.25,02= 0.01,8=030.R%,=

Figure 5.3.Power vs. total number subjects

Clicking along the trajectory, we can see that the required sample size for power = 0.80 drops to
13 sites, assuming 20 individuals per sifEisis reductbn may be critical for reducing the cost of

the experiment.

In this scenario, we assumed a random effects model. We could easily change it to a fixed
effects model by setting the effect size variability to 0. However, it is critical to think about the
implications of choosing fixed or random site effects from a practical perspective, and not a
purely statistical power perspective.

5.13 Effect size approach for conducting a power analysis

Suppose that the researchers are limited to 20 classrooms witth\Auals per
classroom. They are still interested in an effect size of QVk&at is the minimum detectable
effectsize (MDES)the researchers can find with power = 0.80? Suppose the researchers decide
to administer a préestto all kids prior to the stly. Based on past literature, they expect the pre
test to explairb0% of the variation in the posest scoresWhat is theMDES with power =
0.80?

In Scenario 2, th&IDES is unknown Thusthe most logical approach for conducting the
power analysis is tallow the MDES to vary on the-gxis. One option then is to select the

following:
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Step 1: SeledPerson randomized triads multisite (blocked) trialgy MDES on yaxis A
MDES vs. number of cluste(d). The blank screen appears in Figure 5.4.

» Dptimal Design ] 3]
Fle Design Working Help
- Multi-site trial{treatment) - Mininn ol x|

o [P |ci|n|Brd | ke ve]om| @ an] x|

Figure 5.4 MDES vs. number of clusted)(

The toolbar is identical to the toolbar in Figure 5.4 except for the required design
parameters. Because the MDES is on tfaxig and the power is on theaxis, the program
requires that the user speciythe total nmber of sites, n, the number of individuals per site,
s 2the effect size variability, B, the percent of variance explained by blocking, QiR
percent of variation explained by the covariate. To determine the MDES for power of 0.80,
follow the steps below:

Step 1Click onP. StP(1) = 0.80.

Step 2: Click ons 2. Sets7 = 0.01.

Step 3: Click on n. Set n(1) = 20.
Step 4: Click on B. Set B(1) = 0.30. Figure 5.5 displays the resuls.
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Figure 5.5.MDES vs. number of clusterg)(
Clicking along the trajectory reveals a MDES of approximately 0.26 itf20. Next we can

add the covariate.

Step 5: Click on R Set B = 0.50. Figure 5.6 displays the results.
i

Fle Design Working Help
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Figure 5.6.MDES vs. power with @ovariate.
Clicking along the trajectory reveals an effect size of about 0.19. We assumed random
site effect but again could change this by setting the effect size variability to O.
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6.0Repeated measuresrials

Similar to single leveltrials, repest measure trials rely on the assignment of individuals
to treatments. However, in a trial with repeated measures, individuals are typically assessed prior
to the treatment and then multiple times after the treatment is implemented. By tracking
individualsover time, researchers are able to assess the group effects on individual growth.

The general format of a repeated measure trial is as follows: 1) randomly assign
individuals to treatment or control, 2) assess students in the treatment and controtgrdop p
imple mentation of the treatment, 3) implement the treatment for the treatment group, 4) assess
the students in both groups on the outcome of interest, 5) repeat assessments of students in both
groups a praletermined number of times over equallpspd time intervals. By collecting
repeated measures on individuals, we are able to model individual growth trajectories. We can
model linear or curvilinear trajectories. A linear trajectory, or first degree polynomial, is
characterized by an intercept amdinear rate of change, or slope. If Hovear growth is
expected, second, third, or higher degree polynomials may be added in order to model
curvilinear trajectories. A second degree polynomial, also known as a quadratic polynomial, adds
an acceleratio parameter to the intercept and rate of change. A third degree polynomial, or a
cubic polynomial, is characterized by four parameters, change in acceleration, rate of
acceleration, linear rate of change, and an intercept. Individual growth trajecterjglsteed in
order to assess the average treatment effect on a specific polynomial change parameter.

The power for a design with repeated measures is more complicated thasinfyiea
leveltrial To simplify the design calculations, we impose the foilmconstraints: orthogonal
designs, continuous outcomes, a linear link function, random effects covariance structure,
homogeneous covariance structure within each treatment, and completeisdatee. examine
the statistical models.
6.1 The nodel

We canrepresent the data from a single level trial with repeated measures afeaetiwo
hierarchical model, with occasions nested within persons. The general level one model for a
polynomial change parameter of orgbeis:

p-1
Ymi = appicpm+emi7 emi - N(O'SZ) . [61]
p=0
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for
i wherei= 1 , Nepersons
mwherem= 1 , dinw points
where
p indicates the polynomial order of change (ie. linear, quadratic, cubic)
Comis the orthogonal polynomial contrast coefficient

p ;s the level one coefficient of polynaatorderp
e..is the random error associated with the repeated measures

s ?is the levell variability, or measurement error.
The purpose of the polynomial contrast coefficients is to center the data, which makes the
interpretation easier. The formulas for calculating the contrast coefficients are given below
(Raudenbush and Liu, 2001

COm :1

M
C,=m- g m/'M

m=1

18, M o)

C,, =— - /Mo
2m Z?Im n%lclm - [62]

o M ~

& Ach ©

_les  mm o]

%m 6$ m .[\{| ) Clmo

C m=1 -

The general level two model is:
Poi = by + by X, +uy, u, ~N(.z,,) [6.3]

where

b, is the mean for the”border polynomial change parameter

b, is the treatment effect for thd" prder polynomial change parameter

X, is an indicator for the treatment or control group, % for treatrdgntor control
u,is the random effect associated with each person

. . h .
t ,,is the betweeiperson variance for thé"mrder polynomial change parameter
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To illustrate, let us consider a*lorder polynomial change parameter, or linear model. The-level
1 model is:

Yii =P tP4C T € €, ~N(0,5?) [6.4]
for

m = 1 océasidvis

i = lpersoms, I
where

P, is the mean response for person

P, is the average rate of change for perison

M
c,, =m- § m/M =m- mis the orthogonal linear contrast coefficient

m=1

e..is the measurement error

s %is the withinperson variability.
We can calculate the linear contrast coefficients for any M using equation 2. For example, if the
total number of data points is 5, thaMs5, the orthogonal contrast coefficients for a first

degree polynomial are:

¢, =(1111)

¢ =(-2-1012). [6.5]
The leved2 model is:

Poi = Do+ by X, + Uy Uy ~ N(OZ )

Py = byt by X +uy u; ~N(OZ,,) [6.6]

where
b,,is the mean response across persons
b,, is main effect of treatment for the means
b,, is theaverage growth rate across persons
b,, is the main effect of treatment for the growth rates
X, is an indicator for the treatment or control group, %z for treatrag&ntor control

U, is the random effect associated with the mean
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u, is the random effect associated with the growth rates
t s the betweeiperson variance in means
[ is the betweeiperson variance in growth rates.

In this case, our primary interestas,, the main effect of treatment for the growth rates,tgp,d

the variability in growth rates across persons.
6.2 Testing the tredament effect

The average treatment effect fimearchange in a balanced design is estimated by:

Ak Ak
Epl —ile _ifc [6.7]
nE nC
M
a Clemi
where /EJ = mle— is the persorspecific ordinary least squares estimator of the linear slope,
a c,
m=1

andng andnc are the sample sizes of the experimental and control groups.

To estimate the treatment effect, we average over occasions and persons. The variance of the

estimated treatment effect for th8 polynomial order of change is (Raudenbush and Liu, 2001):

varth ) = [6.8]
where
v, = M52 :sz'f:p(l\r/ln- p-ll)!
élcf’m »(M +p)! 69
where

f is the frequency of observation
D is the duration of the study
M is the total number of occasions whéteDf+ 1

pis the polynomial order of change
K, is a constant wher&, =1/12, K,=1/720, K,=1/100,800
s %is the measurement error.
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The termv denotes the conditional variance of the ast squares esti mate

change parameter. Note thais a function of the frequency and the duration of the study.

In the case of thinear change modgthe variance of the estimate of the treatment effect

is:
(0]
var(b,,) = w [6.10]
where
v, = s? _s?’t?(m- 2)
! glz @/12)(M +1)!
m-1 . [6.11]

The test statistic for the test that the treatment effect for'tteeder polynomial equals
zero is arfF statistic. When the treatment effect is rmmmo, the test statistic follows a ron
centralF distribution,F(1,N-2; /). As previously notedthe larger the neoentrality parameter,
the greater the power of the test. The-nentraliy parametecan be expressed #e ratio of
the squared true treatment effect to the variance of the estimate of the treatment effect:
by  nb}

/ = =
AL, +V,)

- @
Var(b )

[6.12]

Beginning with the sample size, it is clear that increasimgreases, hence increasing the
power of the test. The sample size is particularly important if the betperson variance is

large. Looking at the variance components, we can see that small valygsafbetween
person variability, also increases the power. Intuitively this makes sense. If there is less
variability betweerpersons, the estimate will be more pre@sdthe power of the test is
greater. We can also see that smaller values, dfill increase the power. Recall that

2 2¢2p _ _ |
MS _sf7(m-p 1)'. Decreasing the measurement ewdr,decreasey, . Also,
pm

m=1

V. =

p

increasing the frequency of observations and the total number of observations eaiselecr

particularly for higher order polynomials.

6.3 The standardized nodel
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Similar to the previous designs, we standardize the model to faciltate a common
language among researchers. The standardized effetbrsa@articulapolynomial of interest

is defined as:

PP [6.13]
where

b, is the group difference on the polynomial of interest

t,»iS the population variance of the polynomial of interest.
Replacingequation 12 with the standardized parameter, the new noncentrality parameter can be
expressed as:

2

_ nad.a,
4

/ [6.14]

where

a,is the reliability of the least squares estimatgrand

_Var(p,)  ty

Var(pp) Lo *Vp

ap
m

The reliability is the ability with which a researcher can discriminate between people on their
growth rate othe polynomial of interest usinthe least squares estimate. The reliability can be
calculated using the HLM software.
6.4 Using tle Optimal Design for repeated measures trials

The menu for the repeated measures is given below. The menu includes option for
standardized or nonstandardized parameters.
Power on the yaxis (standardized)

Power for treatment on linear change

Power fortreatment on quadratic change

Power for treatment on cubic change
Power on the yaxis (nonstandardized)

Power for treatment on linear change

Power for treatment on quadratic change

Power for treatment on cubic change
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Each of the power options functigimilarly, so for illustration purposes, we will use the option
for power for treatment on linear change.
6.5 Example

Recall that a team of researchers are planning to do an experiment to determine whether
an intervention, enroliment at a charter scheaoproves academic achievement. Because of the
large number of applicanter the schoqlall students enter a lotteaynd half of the students are
randomly selected from the lottery and assigne@teive the treatment, enrollment at the
charter schoolvhile the other half of the students are enrollethenlocal public schooThe
researchers hypothesize that students enrolled in the charter school will have greater achievement
than the students at the regular public school. They plan to assesssalldénts prior to the
study and then one time for the next five years. Based on data from a pilot study, they expect the
levetl variability to be 1.0 andthelev@l var iabil ity to be 0.10. The
academic growth to be linear. SeatB.6 presents a scenario in which the power determination
approach for conducting a power analysis is the most relevant and provides the details for this
approach.

6.6 Power determination approachfor conducting a power analysis

Based on past research, the researchers expect a standardized efbecthsizinear
growth parameteof 0.25. That isthe difference in linear growth fatudents in the charter
schoolcompared to students in the control school is 0.25. How manyndsudee required to
detect an effect size of 0.25 with power of 0.80?

In this example, the total number of individuals is the unknown parameter and the effect
size for planning is set at 0.25. Thus the most appropriate choice for the power analysis is to
include power on the-gxis. The steps follow:

Step 1: Select Person randomized trialsepeated measurds Power on the yaxisA Power

for treatment on linear change. The blank screen appears in Figure 6.1.
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LTE

Fle Design Working Help

- Repeated Measures - Power vs. Number of partici

o s [enefeue] 12| e|sne]| @ o] X |

Figure 6.1 Blank screen for Power oraxis A Power for treatment on linear change.
Step 2: Click on set. The set button brings up the screen in Figure 6.2.

Figure 6.2 The set button for linear change.

Repeated Measures Settings ﬂ

E= I 1.00000 Please note that
_ eo55s M = int(F*D + 1).
D= |= Changes to F or D will

M= 6.00000 result in changes to M.

Variability of level-1 residual I 1.00000
Variability of level-1 coefficient I 1.00000
Standardized effect size I 0.40000

Cancel | Ok

The following options appear within the set button:

Fi specifies the frequency of tledservation.
D i specifies the duration of the study.
M 1 is the total number of observations where M = fD+1. It is the product of the

frequency times the duration plus the 1 observation that watsgarenent.

Variability of levet1 residual This isthe measurement error, denotedin the model.
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Variability of levet1 coefficienti This is the between person variability on the

polynomial of interest. For a linear growth model it jsin the model.

Standardizd effect size This is d, whered = by, in the linear model.
tll

After clicking on the set button, set F=1, D=5, M=6, variability of leweé¢ residual = 1.0,
variability of levetl coefficient = 0.10, and standardized effsize = 0.25. We extend theaxis

to 800. Figure 6.3 displays the power curve.

» Optimal Design =101 |
Fie Design Working Help
. Repeated Measures - Power vs. =] 3]

o s |srefs| ||| @ || X

a =0.050

F = 1.000000

0.9 D = 5.000000

M = 6.000000

0.8 02=1 000000
1= 0.100000

0.7

0.8

~msoT
L

0.4

0.3+

0.2

0.1+

240 380 520 680 800

Mumber of participants

Figure 6.3 Power curve for repeated measures example.
Clicking along the trajectory, we can see that approximat@Qjndividuals are necessary to
achieve power = 0.80. This is the same@sindividuals per treatment condition.

There is also a function available for repeated measures trials that es@ndardized. It
functions similarly to the example presentedhis section. However, there is no option for
MDES on the yaxis.
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Section Ill: Optimal Design for cluster randomized tials

Optimal Design for cluster randomized trials includes trials where intact groups, or
clusters, are randomly assigned to the treatment or control condition. For example, if students are
nested within classrooms and classrooms are randomly assigned téheittieatment or
control, the design is known as a tewel cluster randomized trial. There are fives designs in
this category: three that do not include blocking and two that do include blockiegnon
blocked designs include the twevel cluster radomized trial (2evel CRT), the three level
cluster randomized trials {Bvel CRT), and the cluster randomized trial with repeated measures
(CRT RM). The blocked designs include the thiexee | multisite cluster randomized trials-(3
level MSCRT) and té fourlevel multisite cluster randomized trial{dvel MSCRT). We
describe the conceptual details of each desig

the following 5 chapters.
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7.0 Two-level cluster randomized trials

Two-level cluster ranoimized trials are studies in which individuals are nested within
clusters and the clusters are randomly assigned to the treatment or control condition. For
example, students are nested within classrooms and classrooms are randomly assigned to the
treatmenbr control condition. For example, a team of researchers is interested in the
effectiveness of a new math series. They decide to randomly assign schools to either the new
series or the standard series. They plan to test students from one classroomagiischool. In
this case, schools are the unit of randomization and the students are nested within schools,
making this a twdevel cluster randomized trial. The power for a cluster randomized trial is
more complicated than a single level trial sincedhgmore than one level. We begin by
examining the underlying statistical models.

7.1 The nodels
We carrepresent the dafar a cluster randomized trial in hierarchical form, with

individuals nested within clusters. The lexk lor persoflevel model is:
Y, = by +e, e, ~N(,s?) [7.1]
for il {1,2....,n} persons per cluster and {1,2....,J} clusters,

where Y,

. is the outcome for persann clusterj;

b,; is the mean for clustgr

g, is the error associated with each person; and

s 2 is the withincluster variance.
The leved2 model, or clustelevel model is:

By; = Gno + oWV, + Uy Ug; ~ N(0,2) [7.2

where g, is the grand mean;
901 IS the mean difference between the treatment and control group or the main effect of
treatment;

W is the treatment contrast indicator, Y for treatment-#nfbr control;

Uy, is the random effect associated with each cluster; and
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t is the variance between clusters.

Replacing (2) in (1) yields the mixed model:

Y, =000+ 9oV, +Uy; +€;, U ~N(¢) ande; ~N(0,57). [7.3]
7.2 Testing the treatme nt dfe ct

We areprimarily interested in the main effect of treatmegy,, estimated by:
&,=Ye- Yc, [7.4]

whereYe is the mean for the experimental group afeis the mean for the control group.
When each treatment has an equal numligy of clusters, the variance of the main effect of
treatment iRaudenbush, 1997)

Var(‘d]vf,l):4(t +:]32/n)

wheren is the total number of participants per cluster aigdthe total number of clusters.

[7.5]

We can use hypothesis testing to deter mine
signi f i c an eadilyatttibatabte toicreance. Rerall that a-taite d null hypothesis
states there is no difference whereas the alternative hypothesis states there is a difference. In
symbols:

H,:00,=0

H,:9,.,0
If the data are balanced, thatthere is an equal number of participants in each cluster, we can
use the results of a two factor nested ANOVA to test the main effect of treatifiemtest
statistic is arfF statistic, which compares treatment variance to cluster variancd- Jtadstic is
defined as:

(M Sreatmen)

cIusteD

Fstatistic= [7.6]

Note trat as the number of clusters J increases without boun# dtsgistic converges to the
ratio of expected mean squares, which is defined as:

This is the same result we would obtain using alesel hierarchical linear model (Equations 1and 2) estimated
by means of restricted maximum likelihood.
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E(MSreatmer) — nz +52 + n‘]ggll4 =1+ nJg§1/4

[7.7]
E(MS, o) nt +s? nt +s?
and can be rewritten as:
2
EMSieamen) — 14/ where/ :—nng/A; : [7.8]
E(Mscluste) n[ +Ss

If the null hypothesis is true, tHestatistic follows a centrd distribution with 1 degree of
freedomfor the numerator andt2 degrees of freedom for the denominatémder the centrdt
distribution, we would expect tHe statistic to be approximately 1. In other words, there is no
variation between treatments gg ° 0and thenJgé,/ 4 term in the numerator of the expected
mean square ratio goes towards 0. We see thatiD the ratio of expected mean squares thus

E(MSreatmer) —_ nl. +5 ? j—

1+/ =1
MScIuster) nt +52

reduces to

If the null hypothesis is false so that thera eatment difference, that é, , 0, theF
statistic follows a nomentralF distribution with 1 degree of freedom for the numerator &2d
degrees of freedom for the denominator. Then the ratio of expected mean squares becomes the
noncentralF distribution, characterized by a neentrality parameter/ (See Equatior7.8).

/ can be rewritten as:

/ = gle [7.9]
At +s2In)/d

Note that/ , known as the nenentrality parameter, is the ratio of the squared main effect to the
variance of the estimate of the treatment effect. Equation 9 clearly shows that-tentrarity
parameter/ , is a function ofg,,, n, J, ¢, ands *.

The noncentrality parameter is strongly related to the power of the test.idgeases,
the power increases. Increasing the treatment effect increa3éss, if we are trying to detect a
larger difference in meangd,increases and so the power also increases. Note that the
denominator is identical to the variance of the treatment effect (Equaiiprso to
increasé we could decrease the variance of the main effect of treatment. Because the standard
error of the treatment effect is more commonly discussed, instead of referring to the variance of
the man effect of treatment, we oftaefer to thestandard error of the main effect of treatment,

which is simply:
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SHép,) = ,/M [7.10]

From equation 7.10, we can see that the sample sizes affect the standard error and hence the
power of the test. Igeneral, increasing decreases theastdard error of the treatment effect thus
increasing the power. However, at some point, increasimighout increasing the number of

clusters,], provides no further benefit. Thus as © , we can see that for Equation 10,
SHé,) =2+t /3, will notbe zero unlesg =0. Also, as the total number of clusteds,

increases, the power to detect significant differences also increasémcisases towards
infinity, the power approaches 1 regardless.ofhis is because alkncreases towards infinity,
the standard erro7(L0) gets infinitely small. This causes the fw@ntrality parameter to
increase towards infinity, which results in the power approaching 1. Intuitively this makes us
think that we shold just continue to increaskuntil the desired power is achieved. However,
increasing) or adding additional clusters may not be feasible due to budgetary constraints.
7.3 Standardize dnotation

We standardize the notation to give a more meaningfulitiefi for the parameters in
the model and to facilitate the power analysis. First, we redefine the variability in terms of the
intra-class correlation coefficient,. The intraclass correlatiory, , is a ratio of tkb variability
between clusters to the total variability:

t
t+s?

[7.11]

=

where ¢ is the variation between clusters;

s %is the variation within clusters; and

t +s?is the totalvariation.
For US data sets on school achieve mentypically ranges between1® and 0.25 (Bloom, Bos,
& Lee, 1999; Bloom, Richburglayes, & Black, 2007; Hedges & Hedberg, 2007; Schochet,

2008). Inschoolbased interventions designitaprove mental healths will generally be

smaller; in the range of 0.01 to 0.05 (Murray & Short, 199Because + s ? is the total
variation, we can constrain it to be 1. Algebraic manipulation of the formula then reveals

r =t andl- r =s?. Asr increases we know more of the variation is due to betwtester
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variability. Replacings and s >with r and & r in the standard error formula (equatiariQ,

the standard eor of the main effect of treatment can be rewritten as:

[7.12]

SHE. /T +57) :\/4(1‘ +s2In)/(t +5?) =\/4(r +(L- r)/n)
J J

From equatiorY.12, we can see that increased values dficrease the standard error thus

decreasing the power. Also, aBicreases, the effect nfdecreases. Therefore, if there is a lot of

variability between clusters, we gain more power by increasing the number of clusters sampled.

The key idea forr is that power increases asdecreases for a fixedandJ.

Next, we can standardize the true treatment effemtaBse data for different experiments
is collected in different scales, standardizing the datkesthe results meaningful to any
researcher, not just someone who is fanivith a particular data setVe define the standardize

effect sized, as the population means difference of the two groups divided by the standard
deviationof the outcome:

d=—91 [7.13]

Jt +s?

Where gy,=m - m;
m. is the population mean for the experimental group; and

m. is the population mean for the control group;

Givens? andt , the standardized effect size, is estimated by:

s o
ad= Ye- Ye [7.14]

Jt+s?
Theresearcher must specify a desired minimum effect size to calculate the power of the
test.Quantifying the treatment effect is not easy. It depends on the context of thetlséud
sample, and the outcomes in the study (Bloom, Hill, Black, & Lipsey, 2007).
Recall that the power of the test is driven by the-centrality parameter, (equation
7.9). We can redefiné in standardized noteén as shown below:

_ Gt +5?) _ nld*/4 _ Ja*
At +s2In)/I(t+s?) nr+@-r) 4r+@-r)in)

[7.15]

This allows us t@alculate the power of thes a function oh, J, d, and r.
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7.4 Using a covariate to increaseqwer

From a power perspective, includingavariate can be extremely helpful because if the
covariate is strongly correlated with the outcome, it can greatly increase the precision of the
estimate and hence the power of the studg.f@¢us specifically on including a covariate at the
cluster level This may be an aggregated covariate, such ageptescores aggregated across
schools or school SE&mpirical work has shown that similar gains in power for including an
individual level or cluster level covariate (Bloom, Richbttgyes, & Black, 2007)Because it is
generally less time consuming and less expensive to collect a cluster level covariate, we focus on
level 2 covariates.

When we include a covariate in the design, there is an additional component that
influences the power of the test: thieength of the correlation between the covariate and the true
cluster mean outcome. The strength of the correlation between the covariate and the true cluster

mean is denoted,, . We adopt this notation becaugg, is the true mean outcome for clusger

and X is the covariate. The residual lex2Variance, or unexplained variance after accounting

for the covariate, is denoteg. As we will see later, the stronger the cottiela, 7, , the

xXbg !
smaller the conditional level 2 variance,, compared to the unconditional level 2 variance,
and the greater the benefit of t hetakeaoclhser i at e

look at the model with a clustdevel covariate.
7.5 Themodel with a clusterlevel covariate

In hierarchical form, the levell model for a cluster randomized trial with a tdudevel
covariate is the same as the model in equatidimélevel2 model, or clustelevel model
differs from a simple cluster randomized trial because it includes a term for the-&uster

covariate. The modevith the covariates:
bo,- = Oho + W, + G5, X + Uy, Up; ~ N(O,z‘lx) [7.16]
where g, is the grand mean;
901 IS the mean difference between the treatment and control group or the main effect of
treatment;
90, IS the regression coefficient for the clustewvel covariate;

W is the treatment contrast indicator, Y for treatment-#nfbr control;
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X; is the clusteflevel covariate, centered around its group mean;

Uo; is the random effect associated with each clusted,

t . is the residual variance between clusters.

Note that the betweecluster variance,, , is now the residual variance conditionaltbe
cluster level covariate X:or simplicity,we assume there is no interaotbetween the cluster
level covariate, X, and the treatment group, W. This is an assumption that can be relaxed and in
general should be checked given that a researcher is interested in how the treatment effect may
vary at different levels of the covatda
7.6 Testing the teatment effect (including a clusterlevel covariate)

Similar to the cluster randomized trial without a covariate, we are interested in the main
effect of treatment, or the difference between the treatment average and control adgrsiieg

for the covariate. However, now it is estimated by:

&, =Ye- Ye- &,(Xe- Xc) [7.17]
whereYe is the mean for the experimental group;

Y is the mean for the control group;

X e is the covariate mean for the experimental group; and

X ¢ is the covariate mean for the control group
Note that the estimated main effect of treatment looks like the estimated effect without
the covariate except that here we are adjustingreatment group differences in the covariate.
For normally distributed covariatesgt variance of the main effeist(Raudenbushl 997
g, 1o
J J- 44

where n is the total number of subjects;

[7.18]

Var(g,) =

J is the total number of clusters; and

t, is the conditional level 2 varianc€l- rfbo ) -

If the data are balanced, we can use the results of a nested analysis of covariance with

random effects for clusters and fixed effects for the treatment and covariatesTh&tistic is
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anF statistic, which compares adjusted treatment variance to the adjusted cluster variace. The

statistic is defined as:

... M
Fstatistic= —S”eatme”‘,

clusters

Where MS{reatmer and MS

clustel

are now adjusted for the covdea

Note that theF statistic converges to the ratio of expected mean squares, defined as:

E(Mareatmer‘) :1+/
E(Mscluster; "

TheF test follows a norcentralF distribution,F(1,J-3, /) in the case of a clustdgvel

covariate where the nesentrality parameter/ , is:
/ = Lmz [7.19]
At +s°In)
and
t=@-ri)t .
From equations.Z8and7.19, we can see that the stronger the correlatiqp,, the smallers
and the greater the increase in the power of the test.

The noncentrality parameter with and thibut the covariate are closely related. If the

correlation between the covariate and the cluster level mean jsé€duces ta and the non

centrality parameter reduces/tdhe noncentrality parameter in the case of no covariate.

Although we are reducing the between cluster variance, one consequence of including a
covariate is that we lose one degree of freedom. In the case of no covarigteeshéollows a

noncentralF distribution,F(1,J-2, /) whereas in the covariate case we h&gJ- 3/, ).

This may be a potential problem in a study with a small number of clusters.

The noncentrality parameter can be defined in standardized not&®e&call that in

2
equation 7.19ve define the nowentrality parameter a, = 3%,

—22_  Replacin
T, +stmy PR

1o we can rewrite asa

Vt +5°2

t,=@- ri)t ,constraining +s° =1, and definingd” =

functionof , and , as shown below:
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